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Abstract. We present a full-fledged analysis of Brans-Dicke cosmology with a cosmo-
logical constant and cold dark matter (BD-ΛCDM for short). We extend the scenarios
where the current cosmological value of the BD-field is restricted by the local astro-
physical domain to scenarios where that value is fixed only by the cosmological observa-
tions, which should be more natural in view of the possible existence of local screening
mechanims. Our analysis includes both the background and perturbations equations
in different gauges. We find that the BD-ΛCDM is favored by the overall cosmologi-
cal data as compared to the concordance GR-ΛCDM model, namely data on distant
supernovae, cosmic chronometers, local measurements of the Hubble parameter, bary-
onic acoustic oscillations, Large-Scale Structure formation and the cosmic microwave
background under full Planck 2018 CMB likelihood. We also test the impact of Strong
and Weak-Lensing data on our results, which can be significant. We find that the
BD-ΛCDM can mimic effective quintessence with a significance of about 3 − 3.5σ c.l.
(depending on the lensing datasets). The fact that the BD-ΛCDM behaves effectively
as a Running Vacuum Model (RVM) when viewed from the GR perspective helps to
alleviate some of the existing tensions with the data, such as the σ8 excess predicted
by GR-ΛCDM. On the other hand, the BD-ΛCDM model has a crucial bearing on the
acute H0-tension with the local measurements, which is rendered virtually harmless
owing to the small increase of the effective value of the gravitational constant with the
expansion. The simultaneous alleviation of the two tensions is a most remarkable fea-
ture of BD-gravity with a cosmological constant in the light of the current observations,
and hence goes in support of BD-ΛCDM against GR-ΛCDM.
Keywords: dark energy, cosmological constant, scalar-tensor theories of gravitation, quantum field theory in
curved spacetime
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1 Introduction
For slightly more than 20 years we know with a substantial degree of certainty that the universe
is in accelerated expansion [1, 2]. That knowledge is, however, a pure kinematical result based
on assuming General Relativity (GR), among other things. It does not mean that we really
understand the primary (dynamical) cause for such an acceleration or that we are in position to
propose a cosmological model explaining the speeding up of the cosmos at the level of fundamental
physics, say quantum field theory (QFT) in curved spacetime, quantum gravity or string theory.
The overarching canonical picture of our universe, formulated in the context of the GR paradigm,
is to assume that the cosmic acceleration is caused by a rigid cosmological constant (CC) term,
Λ, in Einstein’s equations, whose value has been pinned down from a large set of cosmological
observations, which by themselves also point to the existence of large amounts of dark matter
(DM) – apart from the conventional baryons [3]. We call such an overall picture of the universe
the “concordance (or standard) cosmological model” [4], or simply GR-ΛCDM, where we append
GR explicitly in the name because we wish to study the ΛCDM model also from a different
perspective to that of the GR paradigm.
Even though the Λ-term is a key ingredient of our current cosmological picture, unfortunately
we do not know what is its origin at a deep theoretical level. This fundamental failure may
well lie at the root of the so-called ‘old’ Cosmological Constant Problem (CCP) [5], which, in
essence, can be formulated by recognizing our complete inability to perform at present not even
a ballpark estimate of the value of Λ, as all our theoretical predictions fail by many orders of
magnitude. What we do know for certain, however, and with remarkable observational precision,
is the measured value of the vacuum energy density associated to Λ, which is positive (hence
generating a repulsive force) and of order ρΛ = Λ/(8piGN ) ∼ 10−47 GeV4 (GN being Newton’s
constant). Expressed in units of the critical density, we have ΩΛ ≡ ρΛ/ρ0c ' 0.70 (the superindex
’0’ denotes current value). We attribute the accelerated expansion of the universe to the existence
of such a repulsive vacuum-like force, which works against the attractive gravitational interaction
and tends to push the clusters of galaxies apart at a speed continuously increasing with the cosmic
expansion. Simple as it can be, such a straightforward explanation for the cosmic acceleration is
nevertheless troublesome since it clashes violently with the well known breaking of the symmetries
at the classical and quantum level, what aggravates further the old CCP – see e.g. [6] for a review.
Thus, in spite of the many virtues of the ΛCDM, the longstanding (and unaccounted) constancy
and small value of ρΛ (as compared to standard QFT predictions) leads to an unsatisfactory theo-
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retical picture which has motivated a variety of alternative explanations for the cosmic acceleration
beyond the Λ-term. Such theories include quintessence and phantom fields and they go under the
generic name of dark energy (DE), see e.g. [7–11] and references therein. There were also proposals
in the past (previous to quintessence ideas and the like) where one attempted to use scalar fields
with the purpose of explaining not only a possible time evolution, but even the value itself of Λ on
purely dynamical grounds, see e.g. [12–16]. However, the idea that the DE could be not just the
CC of Einstein’s equations but a dynamical variable, or some appropriate function of the cosmic
time, has been explored since long ago and sometimes on purely phenomenological grounds [17],
see particularly [18–22]. The main aim in most papers trading the rigid Λ-term for a dynamical
quantity was not so much to cope with the old CCP, which personifies the hard core of the prob-
lem, but to address a different aspect of the CCP called the coincidence problem [23,24], namely
the perplexity which may produce to our mind the fact that the value of the (rapidly evolving)
matter density (Ωm(a) ∼ a−3) right now turns out to be just of the same order of magnitude
as the current vacuum energy density (allegedly constant throughout the entire cosmic history):
Ωm ' ΩΛ = O(1) in our days.
Notwithstanding the severity of the CCP associated with the Λ-term in Einstein’s equations,
the problem actually affects all forms of dark energy. The large class of DE models pervading the
cosmology market [11] do not actually offer a real solution to it either. Thus, we stick here to the Λ-
term and keep on in standby – hopefully provisional – the eventual solution of the hard theoretical
conundrums mentioned above. On pure empirical grounds, the concordance ΛCDM model can be
considered a phenomenologically acceptable model which is built upon the measurement of the
Λ-term (with the associated vacuum energy density ρΛ), as well as upon the existence of the as
yet undetected DM and, of course, of the baryonic matter (the known structural component of
the galaxies and of ourselves). It assumes that the spacetime metric satisfies the Cosmological
Principle and hence adopts the Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) form. We will
also assume a spatially flat three-dimensional background.
The standard ΛCDM has remained robust and unbeaten for a long time. It is roughly consistent
with a large body of observations, including the high precision data from the cosmic microwave
background (CMB) anisotropies [3]. Nonetheless, the observational situation in recent years does
not seem to paint a fully rosy picture of the phenomenological status of the ΛCDM anymore.
This is particularly true in what concerns two main observables [25–27]. On the first place, there
is a most worrisome tension between the disparate current values of the Hubble parameter H0
obtained independently from measurements of the local and the early universe (CMB). Here the
discordance is between the predicted value from the CMB (H0 = 67.4 ± 0.5 km/s/Mpc [3]) and
the local (distance ladder) measurements [28–31]. The mismatch appears in fact as a rather acute
and preoccupying one, especially after its persistence in time and its tendency to worsen from
the original [28, 29] to later measurements [30], which brought it to 4.4σ. Despite it recently
decreased a bit to 4.2σ [31]) it is still very significant. Actually, when the most recent SH0ES
determination of H0 = (73.5 ± 1.4) km/s/Mpc [31] is combined with a very different kind of
independent observations, such as the Strong-Lensing results from the H0LICOW collab. [32],
which lead to H0 = (73.3
+1.7
−1.8) km/s/Mpc, the combination leads to H0 = (73.42±1.09) km/s/Mpc
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and this result amounts to an astounding ∼ 5σ tension w.r.t. the aforementioned Planck 2018
result.
In another vein, we have some trouble in the structure formation data. The concordance
model predicts a value of σ8 (the current matter density rms fluctuations within spheres of radius
8h−1 Mpc, with h ' 0.7 the reduced Hubble constant) in excess by 2−3σ over the direct data values
at low redshifts [26, 27, 33–36]; more specifically, the tension is in between measurements of the
amplitude of the power spectrum of density perturbations inferred using CMB data against those
directly measured by Large-Scale Structure (LSS) formation on smaller scales, from redshift space
distortions (RSD) (see e.g. [37]) and Weak-Lensing (WL) data [38–41]. Whether all these tensions
are the result of yet unknown systematic errors or really hint to some underlying new physics
is still unclear, e.g. the σ8-tension might be related to issues on the Planck internal consistency
of the gravitational lensing amplitude in CMB data [34]. There remains, however, strongly the
possibility that these discrepancies may just be the signal of a deviation from the ΛCDM model.
If so, any new physics introduced to explain the severe H0-tension should not aggravate the σ8
one in a noticeable way. This “golden rule” to ameliorate the acute H0-tension will be our guiding
principle, and as we shall see it is not preserved by many existing attempts in the literature.
It is actually on these problems of very practical nature where we would like to focus our
attention for the rest of the paper. Of paramount importance in this respect is the observation
that the basic gravitational paradigm nourishing the ΛCDM model and most of its DE extensions
in the literature is still Einstein’s GR. This may represent a fundamental limitation to the possible
solution of the mentioned tensions, even more so if we take into account that these problems can be
affected by assumptions on the basic parameters of gravitation. As it is well-known, in the sixties
a very significant revolution occurred in the gravity context, which implied a fundamental change
of the conceptual construct on gravitation. In it, G was boldly assumed to be a dynamical variable
rather than a constant of Nature. This proposal clearly departs from the strict GR context. It
actually traces back to early ideas in the thirties on the possibility of a time-evolving gravitational
constant G by Milne [42] and the suggestion by Dirac of the large number hypothesis [43, 44],
which led him also to propose the time evolution of G. Along similar lines, Jordan and Fierz
speculated that the fine structure constant αem together with G could be both space and time
dependent [45–48]. Finally, G was formally associated to the existence of a dynamical scalar field
ψ ∼ 1/G coupled to the curvature. Such was the famous gravity formulation originally proposed
by Brans and Dicke (“BD” for short) [49–51], which was the first historical attempt to extend
GR in order to accommodate variations in the Newtonian coupling G. Subsequently these ideas
were generalized in the form of scalar-tensor theories [52–54], and thereafter further extended in
multifarious ways still compatible with the weak form of the Equivalence Principle [55].
As already mentioned, in this work we wish to stick firmly to the Λ-term as the simplest pro-
visional explanation for the cosmic acceleration. But we want to do it on the grounds of what
we may call the BD-ΛCDM model, i.e. a cosmological framework still encompassing all the phe-
nomenological ingredients of the concordance ΛCDM model, in particular a strict cosmological
constant term Λ and dark matter along with baryons, but now all of them ruled over by a different
gravitational paradigm: BD-gravity [49, 51], instead of GR. Our intention is to combine the dy-
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namical character of G in the context of BD-gravity with a cosmological term Λ, aiming at finding
a form of (effective) dynamical dark energy (DDE) capable to overcome the mentioned tensions.
Not all forms of DDE can make it. Recent analyses comparing different models of dark energy
using similar data can be found e.g. in [56,57]. However, as we will discuss below and throughout
the paper the simultaneous solution/alleviation of the two tensions requires a very particular form
of DDE which is “aligned” with the kind of observables to be adjusted.
Indeed, the key observation for suspecting that such program is really feasible in the specific
context of the BD-ΛCDM, and specially in what concerns the critical trouble with the local Hubble
parameter H0, lies on the fact that the BD-ΛCDM can naturally implement the aforesaid golden
rule for safely quenching the two tensions. In fact, for a given critical density, the effective increase
of the G value within the BD model over the local gravity value, GN , in combination with a
negative value of the BD-parameter ωBD ≡ 1/BD permits to reduce the σ8-tension. Both benefits
can be gained at no expense to the accurate values of the CMB observables. Such unusual ability
seems to be a unique gift of the BD-ΛCDM model and can be accomplished with minimum effort,
i.e. with a minimal number of extra parameters. Details will be generously provided throughout
the analysis presented in this paper. We are not aware, to the best of our knowledge, of any other
fundamental model in the literature capable of such achievement.
That the above picture can be possible at all, stems in part from the following observation. If
one tries to encapsulate the slow evolution of the BD-field in terms of the current GR framework (in
which G and Λ remain both constant), the effective theory that emerges is a variant of the ΛCDM
framework in which ρΛ acquires a mild time-evolving component of a very specific nature. The
resulting ΛCDM-like model appears as if ρΛ = Λ/(8piG) were a dynamical vacuum energy density
composed of a constant term plus a small dynamical term ∼ νH2 (|ν|  1). This form is well-
known in the literature and goes under the name of Running Vacuum Model (RVM) see [6,58,59]
and references therein. It can describe in an effective way the current as well as the early universe
through additional (even) powers of the Hubble rate [60, 61]; see also [62] and references therein
for a thorough thermodynamical study of the extended RVM model. Recently the RVM structure
for the vacuum energy density has been shown to appear from generic features of the bosonic
string effective action [63, 64] and also from explicit calculation of the adiabatically renormalized
energy-momentum tensor in QFT in curved spacetime [65]. The fact that the BD-ΛCDM model
mimics the RVM is very useful since the latter turns out to be a rather successful framework for
improving the overall fit to the cosmological data as compared to the conventional ΛCDM, see e.g.
the most recent detailed analyses [66–76] and some older ones [77–80] and references therein. In
particular, in [66, 68–70] it was shown that the RVM could help to alleviate the σ8-tension, but
the H0 one remained unaccounted since in that form of DDE the involved G remains fixed at the
value GN (i.e. the RVM was still GR-like). When G becomes slightly dynamical and we allow
for the cosmological values of G to be larger than the one measured at the Earth, one can adjust
better the H0 value. We may even combine this feature with the DDE behavior of BD-ΛCDM
(when viewed from the point of view of a departure from GR) for solving the σ8-tension as well. A
first hint that Brans-Dicke gravity could lead to such a promising (BD-like) version of the RVM,
was put forward in [81]. Further elaboration on this idea and a first comparison with data was
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subsequently given in [82], and finally a more sophisticated study using a full Boltzmann code for
the CMB part was presented in [83].
Many alternative possibilities have been addressed in the literature to improve the overall fit
to the cosmological data and possibly to relax the main tensions through DDE proposals and of
other nature. Any attempt at condensing them here would be surely incomplete and unavoidably
biased, but a few of them can be listed, see e.g. [84–101]. In general these attempts are purely
phenomenological, e.g. those using phantom equation of state for the DE since they have no
consistent theoretical support and usually they further spoil the σ8-tension [102, 103]. This
drawback was repeatedly emphasized in different existing analyses in the literature [56, 66–68,
70–72]. There are also attempts to introduce early dark energy (EDE), but different works seem
to reach different conclusions on the effectiveness of these models to improve the tensions, see
e.g. [104–107].
We would also like to remark recent studies on testing BD theories and on attempts at mit-
igating the tensions using particular potentials in the BD framework, see e.g. [108–110]. At the
same time, there are different works trying to loosen the GR-ΛCDM tensions by considering the
possibility of a variable Newton’s constant G. Usually these models are essentially GR-like, in
the sense that the basic term of the gravitational action still has the form of the Hilbert-Einstein
term, but modified by an additive term containing a dynamical scalar field. This type of models
and variations thereabout are valuable and have been recently used to try to mitigate the H0 or
the σ8 tensions [111–115], but more difficult is to try to fulfill the mentioned golden rule – which
requires not to aggravate one of the two tensions when improving the other. In point of fact, in
some cases the σ8 one actually gets significantly worse.
Building up upon our first complete analysis performed in the context of Planck 2015 data [83],
here we present a comprehensive study of BD-ΛCDM cosmology vis-a`-vis observations using up-
dated data, in particular we make use of the full Planck 2018 likelihood as well as of additional
datasets (e.g. on Strong-Lensing and updated structure formation data) which prove quite re-
vealing. Furthermore, we discuss here at length many analytical and numerical details of the
calculation and the possible implications that the BD-ΛCDM model can have on the current cos-
mological observations, most particularly on the σ8 and H0 tensions. We show that the H0-tension
can be significantly reduced in this context; and, interestingly enough, this can be achieved without
detriment of the σ8-tension, hence fulfilling the golden rule mentioned above. We also find that
an effective signature for dynamical DE may ultimately emerge from the BD-ΛCDM dynamics,
and such signature is able to mimic quintessence at a confidence level in between 3 − 4σ level,
depending on the datasets used. If a successful phenomenological description of the data and the
loosening of the tensions could be reconfirmed with the advent of new and more precise data and
new analyses in the future, it would be tantalizing to suggest the possibility that the underlying
fundamental theory of gravity might actually be BD rather than GR. But there is still a long way
to follow, of course.
The layout of this paper reads as follows. In Section 2 we introduce the basics of the Brans-
Dicke (BD) model. Section 3 is a preview of the whole paper, and in this sense it is a very
important section where the reader can get a road map of the basic results of the paper and
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above all an explanation of why BD-cosmology with a CC can be a natural and efficient solution
to the H0 and σ8 tensions. Section 4 shows how to parametrize BD-cosmology as a departure
from GR-cosmology. We show that BD with a CC appears as GR with an effective equation
of state (EoS) for the dark energy which behaves quintessence-like at a high confidence level.
The remaining of the paper presents the technical details and the numerical analysis, as well
as complementary discussions. Thus, Section 5 discusses the perturbations equations for BD-
gravity in the linear regime (leaving for Appendixes C and D an extended discussion with more
technical details in different gauges); Section 6 defines four scenarios for the BD-cosmology in
the light of Mach’s Principle; Section 7 describes the data used from the various cosmological
sources; Section 8 presents the numerical analysis and results. Finally, in Section 9 we perform
a general discussion and deliver our conclusions. Four appendices at the end provide additional
complementary material. In Appendix A we compute semi-analytical solutions of the BD equations
in different epochs, which are helpful to further understand the numerical results. We also recall
here the reader why BD-cosmology mimics the Running Vacuum Model (RVM); in Appendix B we
compute the fixed points of the BD-cosmology with a cosmological constant. The aforementioned
Appendices C and D provide the perturbations equations in the synchronous and conformal Newton
gauges, respectively, and illustrate the correspondence between the two.
2 BD-ΛCDM: Brans-Dicke gravity with a cosmological constant.
Action and field equations
Since the appearance of GR, more than one hundred years ago, many alternative theories of
gravity have arisen, see e.g. [116–118] and references therein. The most important one, however,
was proposed by Brans and Dicke almost sixty years ago [49]. This theoretical framework contains
an additional gravitational d.o.f. as compared to GR, and as a consequence it is different from GR
in a fundamental way, see the previously cited reviews. The new d.o.f. is a scalar field, ψ, coupled
to the Ricci scalar of curvature, R. BD-gravity is indeed the first historical attempt to extended
GR to accommodate variations in the Newtonian coupling G. A generalization of it has led to a
wide panoply of scalar-tensor theories since long ago [52–55]. The theory is also characterized by
a (dimensionless) constant parameter, ωBD, in front of the kinetic term of ψ. In our study we will
consider the original BD-action extended with a cosmological constant density term, ρΛ, as it is
essential to mimic the conventional ΛCDM model based on GR and reproduce its main successes.
In this way we obtain what we have called the ‘BD-ΛCDM model’ in the introduction, i.e. the
version of the ΛCDM within the BD paradigm. The BD action reads, in the Jordan frame, as
follows 2:
SBD =
ˆ
d4x
√−g
[
1
16pi
(
Rψ − ωBD
ψ
gµν∂νψ∂µψ
)
− ρΛ
]
+
ˆ
d4x
√−gLm(χi, gµν) . (2.1)
2We use natural units, therefore ~ = c = 1 and GN = 1/m2Pl, where mPl ' 1.22× 1019 GeV is the Planck mass.
As for the geometrical quantities, we use space dominant signature of the metric (−,+,+,+), Riemann curvature
tensor Rλµνσ = ∂ν Γ
λ
µσ + Γ
ρ
µσ Γ
λ
ρν − (ν ↔ σ), Ricci tensor Rµν = Rλµλν , and Ricci scalar R = gµνRµν . Overall,
these correspond to the (+,+,+) conventions in the popular classification by Misner, Thorn and Wheeler [119].
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The (dimensionless) factor in front of the kinetic term of ψ, i.e. ωBD, will be referred to as the
BD-parameter. While it is true that this parameter is not restricted to be a constant, throughout
this paper we will consider just the canonical option ωBD =const. The last term of (2.1) stands
for the matter action Sm, which is constructed from the Lagrangian density of the matter fields,
collectively denoted as χi. There is no potential for the BD-field ψ in the original BD-theory, but
we admit the presence of a CC term associated to ρΛ. The Brans-Dicke field, ψ, has dimension 2
in natural units (i.e. mass dimension squared), in contrast to the dimension 1 of ordinary scalar
fields. This is because we wish the effective value of G at any time to be given directly by 1/ψ. It
goes without saying that ψ must be a field variable evolving very slowly with time.
The field equations of motion ensue after performing variation of the action (2.1) with respect
to both the metric and the scalar field ψ. While the first variation yields
ψGµν +
(
ψ + ωBD
2ψ
(∇ψ)2
)
gµν −∇µ∇νψ − ωBD
ψ
∇µψ∇νψ = 8pi (Tµν − gµνρΛ) , (2.2)
the second variation gives the wave equation for ψ, which depends on the curvature scalar R:
ψ − 1
2ψ
(∇ψ)2 + ψ
2ωBD
R = 0 . (2.3)
To simplify the notation, we have written (∇ψ)2 ≡ gµν∇µψ∇νψ. In the first field equation,
Gµν = Rµν − (1/2)Rgµν is the Einstein tensor, and on its r.h.s. Tµν = −(2/√−g)δSm/δgµν is the
energy-momentum tensor of matter. We can take the trace of Eq. (2.2) to eliminate R from (2.3),
what leads to a most compact result for the wave equation of ψ:
ψ = 8pi
2ωBD + 3
(T − 4ρΛ) , (2.4)
where T ≡ Tµµ is the trace of the energy-momentum tensor for the matter part (relativistic and
nonrelativistic). The total energy-momentum tensor as written on the r.h.s. of (2.2) is the sum of
the matter and vacuum parts and adopts the perfect fluid form:
T˜µν = Tµν − ρΛgµν = p gµν + (ρ+ p)uµuν , (2.5)
with ρ ≡ ρm+ργ+ρν+ρΛ and p ≡ pm+pγ+pν+pΛ. The matter part ρm ≡ ρb+ρcdm, contains the
pressureless contribution from baryons and cold dark matter. Photons are of course relativistic,
so pγ = ργ/3. The functions ρν and pν include the effect of massive and massless neutrinos, and
therefore must be computed numerically.
As in GR, we have included a constant vacuum energy density, ρΛ, in the BD-action (2.1), with
the usual equation of state pΛ = −ρΛ. The quantum matter fields usually induce an additional,
and very large, contribution to ρΛ. This is of course the origin of the Cosmological Constant
Problem mentioned in the introduction [5–11]3.
Let us write down the field equations in the flat FLRW metric, ds2 = −dt2 + a2δijdxidxj .
Using the total density ρ and pressure p as indicated above, Eq. (2.2) renders the two independent
3A recent proposal to alleviate the CCP within BD-gravity was made in [81]. Interestingly, the Higgs potential
itself can be motivated in BD-gravity theories [81,120].
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equations
3H2 + 3H
ψ˙
ψ
− ωBD
2
(
ψ˙
ψ
)2
=
8pi
ψ
ρ (2.6)
and
2H˙ + 3H2 +
ψ¨
ψ
+ 2H
ψ˙
ψ
+
ωBD
2
(
ψ˙
ψ
)2
= −8pi
ψ
p , (2.7)
whereas (2.4) yields
ψ¨ + 3Hψ˙ =
8pi
2ωBD + 3
(ρ− 3p) . (2.8)
Here dots stand for derivatives with respect to the cosmic time and H = a˙/a is the Hubble rate.
For constant ψ = 1/GN , the first two equations reduce to the Friedmann and pressure equations
of GR, and the third requires ωBD → ∞ for consistency (except in the pure radiation-dominated
epoch, where ρ− 3p = 0) . The connection between GR and the ωBD →∞ limit is sometimes not
as straightforward as one might naively think [121,122].
By combining the above equations we expect to find a local covariant conservation law, similar
to GR. This is because there is no interaction between matter and the BD-field. Although the
details are more involved than in GR, the result can be obtained upon straightforward calculation
of the covariant derivative on both sides of Eq. (2.2) and using the Bianchi identity satisfied by
Gµν and the field equation of motion for ψ. The final result turns out to be the same:
ρ˙+ 3H(ρ+ p) =
∑
N
[ρ˙N + 3H(ρN + pN )] = 0 , (2.9)
where the sum is over all components, i.e. baryons, dark matter, neutrinos, photons and vacuum.
Here we take the point of view that all of the matter components are separately conserved in
the main periods of the cosmic evolution. In particular, the vacuum component ρΛ obviously does
not contribute in the sum since it is assumed to be constant and ρΛ + pΛ = 0 .
Hereafter, for convenience, we will use a dimensionless BD-field, ϕ, and the inverse of the
BD-parameter, according to the following definitions:
ϕ(t) ≡ GNψ(t) , BD ≡ 1
ωBD
. (2.10)
In this expression, GN = 1/m
2
Pl, with mPl the Planck mass as defined previously; GN gives
the local value of the gravitational coupling, e.g. obtained from Cavendish-like (torsion balance)
experiments. Note that a nonvanishing value of BD entails a deviation from GR. Being ϕ(t) a
dimensionless quantity, we can recover GR by enforcing the simultaneous limits BD → 0 and
ϕ → 1. We emphasize that it is not enough to set BD → 0. In this partial limit, we can only
insure that ϕ (and ψ, of course) does not evolve, but it does not fix its constant value. As we will
see later on, this feature can be important in our analysis. Using (2.10), we can see that (2.1) can
be rewritten
SBD =
ˆ
d4x
√−g
[
1
16piGN
(
Rϕ− ωBD
ϕ
gµν∂νϕ∂µϕ− 2Λ
)]
+
ˆ
d4x
√−gLm(χi, gµν) , (2.11)
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where Λ is the cosmological constant, which is related with the associated vacuum energy density
as ρΛ = Λ/(8piGN ). From (2.11) it follows that the quantity
G(ϕ) =
GN
ϕ
(2.12)
constitutes the effective gravitational coupling at the level of the BD-action. We will argue that
G(ϕ) is larger than GN because ϕ < 1 (as it will follow from our analysis). The gravitational field
between two tests masses, however, is not yet G(ϕ) but the quantity Geff(ϕ) computed below.
Let us remark that if one would like to rewrite the BD action in terms of a canonically nor-
malized scalar field φ (of dimension 1) having a non-minimal coupling to curvature of the form
1
2ξφ
2R, it would suffice to redefine the BD-field as ψ = 8piξ φ2 with ξ = 1/(4ωBD) = BD/4, and
then the scalar part of the action takes on the usual form
SBD =
ˆ
d4x
√−g
(
1
2
ξφ2R− 1
2
gµν∂νφ∂µφ− ρΛ
)
+
ˆ
d4x
√−gLm(χi, gµν) . (2.13)
This alternative expression allows us to immediately connect with the usual parametrized post-
Newtonian (PN) parameters, which restrict the deviation of the scalar-tensor theories of gravity
with respect to GR [118,123,124]. Indeed, if we start from the generic scalar-tensor action
S =
ˆ
d4x
√−g
(
1
2
F (φ)R− 1
2
gµν∂νφ∂µφ− V (φ)
)
+
ˆ
d4x
√−gLm(χi, gµν) , (2.14)
we can easily recognize from (2.13) that F (φ) = ξφ2, and that the potential V (φ) is just replaced by
the CC density ρΛ. In this way we can easily apply the well-known formulae of the PN formalism.
We find the following values for the main PN parameters γPN and βPN in our case (both being
equal to 1 in strict GR):
1− γPN = F
′(φ)2
F (φ) + 2F ′(φ)2
=
4ξ
1 + 8ξ
=
BD
1 + 2BD
' BD +O(2BD) (2.15)
and
1− βPN = −1
4
F (φ)F ′(φ)
2F (φ) + 3F ′(φ)2
dγPN
dφ
= 0 , (2.16)
where the primes refer here to derivatives with respect to φ. We are neglecting terms of O(2BD)
and, in the second expression, we use the fact that dγPN/dφ = 0 since ωBD = const. (hence BD =
const. too) in our case. Therefore, in BD-gravity, γPN deviates from 1 an amount given precisely
by BD (in linear order), whereas β
PN undergoes no deviation at all. Furthermore, the effective
gravitational constant between two test masses in the context of the scalar-tensor framework (2.14)
is well-known [118,123,124]. In our case it leads to the following result:
Geff(ϕ) =
1
8piF (φ)
2F (φ) + 4F ′(φ)2
2F (φ) + 3F ′(φ)2
=
1
8piξφ2
1 + 8ξ
1 + 6ξ
= G(ϕ)
2 + 4BD
2 + 3BD
, (2.17)
where G(ϕ) is the effective gravitational coupling in the BD action, as indicated in Eq. (2.12).
Expanding linearly in BD, we find
Geff(ϕ) = G(ϕ)
[
1 +
1
2
BD +O(2BD)
]
. (2.18)
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We confirm from the above two equations that the physical gravitational field undergone by two
tests masses is not just determined by the effective G(ϕ) of the action but by G(ϕ) times a
correction factor which depends on BD and is larger (smaller) than G(ϕ) for BD > 0 (BD < 0).
From the exact formula (2.17) we realize that if the local gravitational constraint ought to hold
strictly, i.e. Geff → GN , such formula would obviously enforce
ϕ =
2 + 4BD
2 + 3BD
. (2.19)
Due to Eq. (2.15), the bound obtained from the Cassini mission [125], γPN−1 = (2.1±2.3)×10−5,
translates directly into a constraint on BD ' (−2.1± 2.3)× 10−5 (in linear order), what implies
ωBD & 104 for the BD-parameter. Thus, if considered together with the assumption ϕ ' 1 we
would be left with very little margin for departures of Geff from GN . However, as previously
indicated, we will not apply these local astrophysical bounds in most of our analysis since we will
assume that BD may not be constrained in the cosmological domain and that the cosmological
value of the gravitational coupling G(ϕ) is different from GN owing to some possible variation of
the BD-field ϕ at the cosmological level. This can still be compatible with the local astrophysical
constraints provided that we assume the existence of a screening mechanism in the local range
which ‘renormalizes’ the value of ωBD and makes it appear much higher than its ‘bare’ value (the
latter being accessible only at the cosmological scales, where matter is much more diluted and
uninfluential) — cf. Sec. 6 for details on the various possible BD scenarios. We know that this
possibility remains open and hence it must be explored [126], see also [11, 118] and references
therein.
Henceforth we shall stick to the original BD-form (2.1) of the action since the field ψ (or, alter-
natively, its dimensionless companion ϕ) is directly related to the effective gravitational coupling
and the ωBD parameter can be ascribed as being part of the kinetic term of ψ. In contrast, the
form (2.13) involves both φ and ξ = 1/(4ωBD) in the definition of the gravitational strength.
3 Why BD-ΛCDM alleviates at a time the H0 and σ8 tensions?
Detailed preview and main results of our analysis.
The field ϕ and the parameter BD defined in the previous section, Eq. (2.10), are the fundamental
new ingredients of BD-gravity as compared to GR in the context of our analysis. Any departure
of ϕ from one and/or of BD from zero should reveal an extra effect of the BD-ΛCDM model
as compared to the conventional GR-ΛCDM one. We devote this section to study the influence
of ϕ and BD on the various observables we use in this work to constrain the BD model. This
preliminary presentation will serve as a preview of the results presented in the rest of the paper
and will allow us to anticipate why BD-ΛCDM is able to alleviate so efficiently both of the H0 and
σ8 tensions that are found in the context of the traditional GR-ΛCDM framework.
Interestingly, many Horndeski theories [55] reduce in practice to BD at cosmological scales [126],
so the ability of BD-ΛCDM to describe the wealth of current observations can also be extended
to other, more general, scalar-tensor theories of gravity. Hence, it is crucial to clearly identify the
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reasons why BD-ΛCDM leads to such an improvement in the description of the data. Only later
on (cf. Sec. 8) we will fit in detail the overall data to the BD-ΛCDM model and will display the
final numerical results. Here, in contrast, we will endeavour to show why BD-gravity has specific
clues to the solution which are not available to GR.
We can show this in two steps. First, we analyze what happens when we set BD = 0 at fixed
values of ϕ different from 1. From Eq. (2.17) we can see that this scenario means to stick to the
standard GR picture, but assuming that the effective Newtonian coupling can act at cosmological
scales with a (constant) value Geff = G(ϕ) different from the local one GN . In a second stage, we
study the effect of the time dependence of ϕ (triggered by a nonvanishing value of BD), i.e. we
will exploit the departure of Geff in Eq. (2.17) from GN caused by BD 6= 0 and a variable G(ϕ).
It will become clear from this two-step procedure why BD-gravity has the double ability to reduce
the two ΛCDM tensions in an harmonic way. On the one hand, a value of ϕ below 1 in the late
universe increases the value of Geff and hence of H0, so it should be able to significantly reduce
the H0-tension; and on the other hand the dynamics of ϕ triggered by a finite (but negative) value
of BD helps to suppress the structure formation processes in the universe, since it enhances the
Hubble friction and also leads to a decrease of the Poisson term in the perturbations equation.
The upshot is that the σ8-tension becomes reduced as well.
3.1 Role of ϕ, and the H0-tension
Let us start, then, by studying how the observables change with ϕ when BD = 0, for fixed values of
the current energy densities. In the context of BD-gravity, as well as in GR, if the energy densities
are fixed at present we can fully determine their cosmological evolution, since all the species are
self-conserved, as discussed in Sec. 2. In BD-gravity, with BD = 0, the Hubble function takes the
form
H2(a) =
8piGN
3ϕ
ρ(a) , (3.1)
where ϕ = const. We have just removed the time derivatives of the scalar field in the Friedmann
equation (2.6). We define H0 from the value of the previous expression at a = 1 (current value).
Recall from the previous section that ρ is the sum of all the energy density contributions, namely
ρ ≡ ρm + ργ + ρν + ρΛ. Therefore,
H20 =
8piGN
3ϕ
ρ0 =
8piGN
3ϕ
(
ρ0m + ρ
0
γ + ρ
0
ν + ρΛ
)
. (3.2)
ρ0 = ρ(a = 1) is the total energy density at present, ρ0γ is the corresponding density of photons and
ρ0ν that of neutrinos, and finally ρΛ is the original cosmological constant density in the BD-action
(2.1). Using (3.2) it proves now useful to rewrite (3.1) in the alternative way:
H2(a) = H20
[
1 + Ω˜m(a
−3 − 1) + Ω˜γ(a−4 − 1) + Ω˜ν(a)− Ω˜ν
]
, (3.3)
where we use the modified cosmological parameters (more appropriate for the BD theory):
Ω˜i ≡ ρ
0
i
ρ0
=
Ωi
ϕ
, ρ0 =
3H20
8piGN
ϕ = ρ0cϕ . (3.4)
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The tilde is to distinguish the modified Ω˜i from the usual cosmological parameters Ωi = ρ
0
i /ρ
0
c
employed in the GR-ΛCDM model. In addition, Ω˜m = Ω˜cdm + Ω˜b is the sum of the contributions
from CDM and baryons; and Ω˜γ and Ω˜ν are the current values for the photons and neutrinos. For
convenience, we also define Ω˜r = Ω˜γ + Ω˜ν . We remark that he current total energy density ρ
0 is
related to the usual critical density ρ0c = 3H
2
0/(8piGN ) through a factor of ϕ, as indicated above.
The modified parameters obviously satisfy the canonical sum rule
Ω˜m + Ω˜r + Ω˜Λ = 1 . (3.5)
The form of (3.3) is completely analogous to the one found in GR-ΛCDM since in BD-ΛCDM
the Ω˜i’s represent the fraction of energy carried by the various species in the current universe, as
the Ωi’s do in GR, so from the physical point of view the Ω˜i’s in BD and the Ωi’s in GR contain
the same information4. H0 also represents in both cases the current value of the Hubble function.
Nevertheless, there is a very important (although maybe subtle) difference, namely: in BD-ΛCDM
there does not exist a one-to-one correspondence between H0 and ρ
0. In contradistinction to GR-
ΛCDM, in the BD version of the concordance model the value of ϕ can modulate H0 for a given
amount of the total (critical) energy density. In other words, given a concrete value of H0 there
is a 100% degeneracy between ϕ and ρ0. This degeneracy is broken by the data, of course. The
question we want to address is precisely whether there is still room for an increase of H0 with
respect to the value found in the GR-ΛCDM model once the aforementioned degeneracy is broken
by observations. We will see that this is actually the case by analyzing what is the impact that ϕ
has on each observable considered in our analyses.
Supernovae data
In the case of Type Ia Supernovae data (SNIa) we fit observational points on their apparent
magnitudes m(z) = M + 5 log10[DL(z)/10pc], where M is the absolute magnitude of the SNIa and
DL(z) is the luminosity distance. In a spatially flat universe the latter reads,
DL(z) = c(1 + z)
ˆ z
0
dz′
H(z′)
, (3.6)
where we have momentarily kept c explicitly for the sake of better understanding. Considering
(3.3), we can easily see that if we only use SNIa data, there is a full degeneracy between M and H0
in the computation of the apparent magnitudes, so it is not possible to obtain information about
ϕ, since we cannot disentangle it from the absolute magnitude. As in GR-ΛCDM, we can only get
constraints on the current fraction of matter energy in the universe, i.e. Ω˜m.
Baryon acoustic oscillations
The constraints obtained from the analysis in real or Fourier space of the baryon acoustic os-
cillations (BAO) are usually provided by galaxy surveys in terms of DA(z)/rs and rsH(z), or in
4For |BD| 6= 0 and small, the Ω˜i parameters defined in Eq. (3.4) receive a correction of O(BD), see Sec. 3.2.
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some cases by a combination of these two quantities when it is not possible to disentangle the
line-of-sight and transverse information, through the so-called dilation scale DV (cf. Sec. 7),
DV (z)
rs
=
1
rs
[
D2M (z)
cz
H(z)
]1/3
, (3.7)
DM = (1 + z)DA(z) being the comoving angular diameter distance, DA(z) = DL(z)/(1 + z)
2 the
proper angular diameter distance, and
rs =
ˆ ∞
zd
cs(z)
H(z)
dz (3.8)
the comoving sound horizon at the baryon drag epoch zd. In the above equation, cs(z) is the sound
speed of the photo-baryon plasma, which depends on the ratio ρ0b/ρ
0
γ . The current temperature
of photons (and hence also its associated current energy density ρ0γ) is already known with high
precision thanks to the accurate measurement of the CMB monopole [127]. Because of (3.1) it is
obvious that we cannot extract information on ϕ from BAO data when BD = 0, since it cancels
exactly in the ratio DA(z)/rs and the product rsH(z). Thus, BAO data provide constraints on
Ω˜m and ρ
0
b , but not on ϕ.
Redshift-space distortions (RSD)
The LSS observable f(z)σ8(z), which is essentially determined from RSD measurements, is of
paramount importance to study the formation of structures in the universe. In BD-gravity, the
equation of matter field perturbations is different from that of GR and is studied in detail in
Sec. 5. Here we wish to make some considerations which will help to have a rapid overview of
why BD-gravity with a cosmological constant can also help to improve the description of structure
formation as compared to GR. The exact differential equation for the linear density contrast of the
matter perturbations, δm = δρm/ρm, in this context can be computed at deep subhorizon scales
and is given by (cf. Sec. 5):
δ′′m +
(
3
a
+
H ′(a)
H(a)
)
δ′m −
4piGeff(a)
H2(a)
ρm(a)
a2
δm = 0 , (3.9)
where for the sake of convenience we express it in terms of the scale factor and hence prime denotes
here derivative w.r.t. such variable: ()′ ≡ d()/da. In the above equation, Geff(a) is the effective
gravitational coupling (2.17) with ϕ = ϕ(a) expressed in terms of the scale factor:
Geff(a) = G(ϕ(a))
2 + 4BD
2 + 3BD
. (3.10)
It crucially controls the Poisson term of the perturbations equation, i.e. the last term in (3.9). As
we can see, it is Geff(ϕ) and not just G(ϕ) the coupling involved in the structure formation data
since it is Geff(ϕ) the gravitational coupling felt by the test masses in BD-gravity. It is obvious
that the above Eq.(3.9) boils down to the GR form for BD = 0 and ϕ = 1.
With the help of the above equations we wish first to assess the bearing that ϕ can have on the
LSS observable f(z)σ8(z) at fixed values of the current energy densities and for BD = 0. Recall
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that when BD = 0 the BD-field cannot evolve at all, so it just remains fixed at some value. For this
consideration, we therefore set ψ =const. in equations (2.6) and (2.7) and of course the BD-theory
becomes just a GR version with an effective coupling Geff = G(ϕ) =const. which nevertheless need
not be identical to GN . In these conditions, it is easy to verify that Eq. (3.9) adopts the following
simpler form, in which Geff drops from the final expression:
δ′′m +
3
2a
(1− w(a)) δ′m −
3
2a2
ρm(a)
ρ(a)
δm = 0 . (3.11)
In the above expression, w(a) = p(a)/ρ(a) is the equation of state (EoS) of the total cosmological
fluid, hence ρ(a) and p(a) stand respectively for the total density and pressure of the fluids involved
(cf. Sec. 2). In particular, during the epoch of structure formation the matter particles contribute
a negligible contribution to the pressure and the dominant component is that of the cosmological
term: p(a) ' pΛ = −ρΛ.
It is important to realize that ϕ = const. does not play any role in (3.11). This means that its
constant value, whatever it may be, does not affect the evolution of the density contrast, which
is only determined by the fraction of matter, ρm(a)/ρ(a), and the EoS of the total cosmological
fluid. The equation that rules the evolution of the density contrast is exactly the same as in the
GR-ΛCDM model. Matter inhomogeneities grow in the same way regardless of the constant value
Geff that we consider. Matter tends to clump more efficiently for larger values of the gravitational
strength, of course, but the Hubble friction also grows in this case, since such an increase in Geff
also makes the universe to expand faster. Surprisingly, if BD = 0, i.e. if Geff =const., both effects
compensate each other. Thus, the BD growth rate f(a) = aδ′m(a)/δm(a) does not change w.r.t.
the GR scenario either. But what happens with σ8(z)? It is computed through the following
expression:
σ28(z) =
1
2pi2
ˆ ∞
0
dk k2 P (k, z)W 2(kR8) , (3.12)
in which P (k, z) is the power spectrum of matter fluctuations and W (kR8) is the top hat smoothing
function in Fourier space, with R8 = 8h
−1 Mpc. Even for BD = 0 one would naively expect (3.12)
to be sensitive to the value of ϕ, since some relevant features of the power spectrum clearly are.
For instance, the scale associated to the matter-radiation equality reads
keq = aeqH(aeq) = H0Ω˜m
√
2
Ω˜r
, (3.13)
and H0 ∝ ϕ−1/2, so the peak of P (k, z) is shifted when we change ϕ. Also the window function
itself depends on H0 through R8. Despite this, the integral (3.12) does not depend on the Hubble
function for fixed energy densities at present, and hence neither on ϕ. To see this, let us first
rescale the wave number as follows k = k¯h, and we obtain
σ28(z) =
1
2pi2
ˆ ∞
0
dk¯ k¯2 P (k = k¯h, z)h3︸ ︷︷ ︸
≡P¯ (k¯,z)
W 2(k¯ · 8 Mpc−1) . (3.14)
The only dependence on h is now contained in P¯ (k¯, z). We can write P (k, z) = P0k
nsT 2(k/keq)δ
2
m(z),
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with T (k/keq) being the transfer function and
P0 = As
8pi2
25
k1−ns∗
(Ω˜mH20 )
2
, (3.15)
with As and ns being the amplitude and spectral index of the dimensionless primordial power
spectrum, respectively, and k∗ the corresponding pivot scale. The last relation can be found using
standard formulae, see e.g. [11, 128]. Taking into account all these expressions we obtain
P¯ (k¯, z) = As
8pi2
25
k¯1−ns∗ k¯ns
(104ς2Ω˜m)2
T 2(k¯/k¯eq)δ
2
m(z) , (3.16)
where we have used H0 = 100h ς with ς ≡ 1 km/s/Mpc = 2.1332× 10−44 GeV (in natural units).
We see that all factors of h cancel out. Now it is obvious that σ8(z) is not sensitive to the value of ϕ.
We have explicitly checked this with our own modified version of the Einstein-Boltzmann system
solver CLASS [129], in which we have implemented the BD-ΛCDM model (see Sec. 7 for details).
The product f(z)σ8(z) does not depend on ϕ when BD = 0, so RSD data cannot constrain ϕ either.
Strong-Lensing time delay distances, distance ladder determination of H0, and cosmic
chronometers
In this work, we will use the Strong-Lensing time delay angular diameter distances provided by
the H0LICOW collaboration [32], see Sec. 7. Contrary to SNIa and BAO data, these distances are
not relative, but absolute. This allows us to extract information not only on Ω˜m, but on H0 too.
Furthermore, the data on H(z) obtained from cosmic chronometers (CCH) give us information
about these two parameters as well. Cosmic chronometers have been recently employed in the
reconstruction of the expansion history of the universe using Gaussian Processes and the so-called
Weighted Function Regression method [130–132], which do not rely on any particular cosmological
model. The extrapolated values of the Hubble parameter found in these analyses are closer to
the best-fit GR-ΛCDM value reported by Planck [3], around H0 ∼ (67.5 − 69.5) km/s/Mpc, but
they are still compatible within ∼ 1σ c.l. with the local determination obtained with the distance
ladder technique [29–31] and the Strong-Lensing time delay measurements by H0LICOW [32].
The statistical weight of the CCH data is not as high as the one obtained from these two probes,
so when combined with the latter, the resulting value for H0 is still in very strong tension with
Planck [131, 132]. As mentioned before, H20 ∝ ρ0/ϕ when BD = 0. Thus, we can alleviate in
principle the H0-tension by keeping the same values of the current energy densities of all the
species as in the best-fit GR-ΛCDM model reported by Planck [3], lowering the value of ϕ down
at cosmological scales, below 1, and assuming some sort of screening mechanism acting on high
enough density regions that allows us to evade the solar system constraints and keep unmodified
the stellar physics needed to rely on CCH, SNIa, the H0LICOW data, and the local distance ladder
measurement of H0. By doing this we do not modify at all the SNIa, BAO and RSD observables
w.r.t. the GR-ΛCDM, and we automatically improve the description of the H0LICOW data and
the local determination of H0, which are the observables that prefer higher values of the Hubble
parameter. Let us also mention that the fact that ϕ < 1 throughout the cosmic history (which
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means G > GN ) allows to have a larger value of H (for similar values of the density parameters) at
any time as compared to the GR-ΛCDM and hence a smaller value of the sound horizon distance
rs, Eq. (3.8), what makes the model to keep a good fit to the BAO data. This is confirmed by
the numerical analysis presented in Tables 3-6 and 10 as compared to the conventional ΛCDM
values, see Tables 3-5 and 7. While the claim existing in the literature that models which predict
smaller values of rs are the preferred ones for solving the H0-tension is probably correct, we should
point out that this sole fact is no guarantee of success, as one still needs in general a compensation
mechanism at low energies which prevents σ8 from increasing and hence worsening such tension.
In the BD-ΛCDM such compensation mechanism is provided by a negative value of BD (as we
will show later), and for this reason the two tensions can be smoothed at the same time in an
harmonic way.
Overall, as we have seen from the above discussion, according to the (long) string of supernovae,
baryonic acoustic oscillations, cosmic chronometers, Strong-Lensing and local Hubble parameter
data (SNIa+BAO+RSD+CCH+H0LICOW+H0) it is possible to loosen the H0-tension, and this
is already very remarkable, but we still have to see whether this is compatible with the very precise
measurements of the photon temperature fluctuations in the CMB map or not. More specifically,
we have to check whether it is possible to describe these anisotropies while keeping the current
energy densities close to the best-fit GR-ΛCDM model from Planck, compatible with ϕ < 1.
CMB temperature anisotropies
We expect the peak positions of the CMB temperature (TT, in short) power spectrum to re-
main unaltered under changes of ϕ (when BD = 0), since they are always related with an angle,
which is basically a ratio of cosmological distances (a transverse distance to the line of sight divided
by the angular diameter distance). If ϕ =const., such constant cancels in the ratio, so there is no
dependence on ϕ. In the right-bottom plot of Fig. 1 we show the derivative of the DTTl ’s for three
alternative values of ϕ. It is clear that the location of the zeros does not depend on the value of
this parameter. Hence ϕ does not shift the peaks of the TT CMB spectrum when we consider it
to be a constant throughout the entire cosmic history, as expected. Nevertheless, there are two
things that affect its shape and both are due to the impact that ϕ has on the Bardeen potentials.
We have seen before that the matter density contrast is not affected by ϕ when it is constant,
but taking a look on the Poisson equation in the BD model (cf. Appendix D), we can convince
ourselves that ϕ does directly affect the value of Ψ and Φ, since both functions are proportional to
ρmδm/ϕ at subhorizon scales, see Eqs. (D.29)-(D.32). This dependence modifies two basic CMB
observables:
• The CMB lensing, at low scales (larger multipoles). In the left-bottom plot of Fig. 1 we
show the difference of the TT CMB spectra w.r.t. the GR-ΛCDM model. A variation of
ϕ changes the amount of CMB lensing, which in turn modifies the shape of the spectrum
mostly from the third peak onwards.
• The integrated Sachs-Wolfe effect [133], at large scales (low multipoles). Values of ϕ < 1
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Figure 1: Left-upper plot: Theoretical curves of the CMB temperature anisotropies obtained by fixing the current energy
densities, τ and the parameters of the primordial power spectrum to the GR-ΛCDM best-fit values obtained from the analysis
of TTTEEE+lowE data by Planck 2018 [3] (which we will refer to as the ΛCDM baseline configuration, denoted by a dot-
dashed black line), against the BD-ΛCDM model keeping BD = 0 for two different constant values ϕ = 0.9, 1.1 (orange
and dashed blue lines, respectively); Right-upper plot: The same, but using a logscale in the x-axis to better appreciate the
integrated Sachs-Wolfe effect at low multipoles; Left-bottom plot: Absolute differences of the data points and theoretical curves
for ϕ = 0.9, 1.1 w.r.t. the ϕ = 1 case; Right-bottom plot: Derivative of the functions plotted in the upper plots, to check the
effect of ϕ on the position of the peaks, which corresponds to the location of the zeros in this plot. No shift is observed, as
expected (cf. the explanations in the main text).
(which recall, lead to higher values of H0) suppress the power of the DTTl ’s at l . 30. This
is a welcome feature, since it could help us to explain the low multipole “anomaly” that is
found in the context of the GR-ΛCDM model (see e.g. Fig. 1 of [3], and [134]).
Even though in Fig. 1 we are considering large (∼ 10%) relative deviations of ϕ with respect
to 1, the induced deviations of the DTTl ’s are fully contained in the observational error bars at
low multipoles, and they are not extremely big at large ones. The latter are only 1 − 2σ away
from most of the data points. We emphasize that we are only varying ϕ here, so there is still
plenty of room to correct these deviations by modifying the value of other parameters entering
the model. To do that it would be great if we could still keep the values of the current energy
densities as in the concordance model, since this would ensue the automatic fulfillment of the
constraints imposed by the datasets discussed before. But is this possible? In Fig. 2 we can
see that e.g. an increase of ns can compensate for the decrease of ϕ pretty well. This is why in
the BD model we obtain higher best-fit values of the spectral index w.r.t. the GR-ΛCDM, and a
clear anti-correlation between these two parameters (cf. Fig. 2, Tables 3-5 and 10, and Sec. 8 for
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Figure 2: Left plot: Differences between the CMB temperature spectrum obtained using the original ΛCDM baseline
configuration (as used in Fig. 1) and those obtained using ϕ = 0.9 (with the baseline ns = 0.9649) and ns = 0.99 (with the
baseline ϕ = 1). This is to show that the effects induced by a lowering of ϕ can be compensated by an increase of the spectral
index; Right plot: We also show the 1σ and 2σ c.l. regions in the (ϕini, ns)-plane, obtained using the baseline dataset, together
with the Gaussian prior on H0 from [31], see Sec. 7 for details. Here one can clearly see the anticorrelation between these two
parameters.
details). Small variations in other parameters can also help to improve the description of the data,
of course, but the role of ns seems to be important. In Fig. 3 we can appreciate the change in
the matter power spectrum induced by different values of ns. There is a modification in the range
of scales that can be observationally accessed to with the analysis of RSD, but these differences
are negative at k . 0.07hMpc−1 and positive at larger values of the wave number (lower scales),
so there can be a compensation when σ8 is computed through (3.12), leaving the value of the
latter stable. Moreover, we will see below that BD can also help to decrease the value of P (k) at
k & 0.02hMpc−1, so the correct shape for the power spectrum is therefore guaranteed.
The upshot of this section is worth emphasizing: as it turns out, the sole fact of considering a
cosmological Newtonian coupling about ∼ 10% larger than the one measured locally can allow us to
fit very well all the cosmological datasets, loosening the H0-tension and keeping standard values of
σ8. It has become common in the literature to divide the theoretical proposals able to decrease the
H0-tension into two different classes depending on the stage of the universe’s expansion at which
new physics are introduced [135]: pre- and post-recombination solutions. The one we are suggesting
here (see also the preceding paper [83]) cannot be identified with any of these two categories, since
it modifies the strength of gravity at cosmological scales not only before the decoupling of the CMB
photons or the late-time universe, but during the whole cosmological history, relying on a screening
mechanism able to generate Geff = G = GN in high density (nonrelativistic) environments where
nonlinear processes become important, as e.g. in our own solar system5. That there is indeed a
change of the gravity strength throughout the entire cosmological history in our study follows from
5The study of these screening mechanisms, see e.g. [11, 118] and references therein, can be the subject of future
work, but here we remark that e.g. chameleon [136], symmetron [137] or Vainshtein mechanisms (see [138] and
references therein), do not screen the value of ϕ during the radiation-dominated epoch. This is important to loose
the H0-tension in the BD-ΛCDM framework through the increase of H(z) at both, the early and late universe.
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Figure 3: Left plot: Here we compare the linear matter power spectrum obtained for the ΛCDM baseline configuration
(dot-dashed black line) and two alternative values of the spectral index ns. The vertical red line indicates the value of the wave
number at which there is the break in the right plot; Right plot: The absolute relative differences in P (k) w.r.t. the baseline
ΛCDM model. The “positive” (“negative”) region is the one in which P (k) is larger (lower) than in the baseline setup. Both
zones are delimited by a vertical red line. See the comments in the text.
the fact that BD 6= 0 in the BD framework, and this is exactly the feature that we are going to
exploit in the next section, a feature which adds up to the mere change of the global strength of
the gravity interaction, which is still possible for BD = 0 in the BD context, and that we have
explored in the previous section.
3.2 Role of BD, and the σ8-tension
Next we study the effect of BD 6= 0. We know that when we introduce the matter bispectrum
information from BOSS [37] (which definitely prefers a lower amount of structure in the universe
than the data reported in [139]) in our fitting analyses, we find a stronger signal for negative values
of BD (cf. Sec. 8). When BD 6= 0 equation (3.11) is not valid anymore, since it was derived
under the assumption of ϕ =const. We start once more from the exact perturbations equation
for the matter density contrast in the linear regime within the BD-gravity, i.e. Eq. (3.9). Let us
consider its form within the approximation |BD|  1 (as it is preferred by the data, see e.g. Table
3). We come back to the BD-field equations (2.6) and (2.7) and apply such approximation. In
this way Eq. (3.9) can be expanded linearly in BD as follows (primes are still denoting derivatives
with respect to the scale factor):
δ′′m +
[
3
2a
(1− w(a)) + F
′
2
− ϕ
′
2ϕ
]
δ′m −
3
2a2
ρm(a)
ρ(a)
δm
(
1 +
BD
2
−F
)
= 0 , (3.17)
where we have defined
F = F
(
ϕ′
ϕ
)
= −aϕ
′
ϕ
+
ωBD
6
a2
(
ϕ′
ϕ
)2
. (3.18)
In particular, we have expanded the effective gravitational coupling (3.10) linearly as in (2.18). As
we can show easily, the expression (3.18) can be treated as a perturbation, since it is proportional
to BD. To prove this, let us borrow the solution for the matter-dominated epoch (MDE) derived
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from the analysis of fixed points presented in Appendix B. Because the behavior of the BD-field
towards the attractor at the MDE is governed by a power law of the form ϕ ∼ aBD (cf. Eq. (B.23)),
we obtain
a
ϕ′
ϕ
= BD +O(2BD) , (3.19)
F = −5
6
BD +O(2BD) ' −
5
6
BD ; F ′ = O(2BD) ' 0 . (3.20)
This proves our contention that the function F in (3.18) is of order BD and its effects can be
treated as a perturbation to the above formulas. Incidentally, the relative change of ϕ does not
depend on ϕ itself. From the definition of F we can now refine the old Friedmann’s equation (3.1)
or (3.3) (only valids for BD = 0) as follows. Starting from Eq. (2.6), it is easy to see that it can
be cast in the Friedmann-like form:
H2(a) =
8piGN
3ϕ(a)(1−F(a)) ρ(a). (3.21)
Despite F(a) evolves with the expansion, as shown by (3.18), it is of order BD and evolves very
slowly. In this sense, Eq. (3.21) behaves approximately as an O(BD) correction to Friedmann’s
equation (3.1). Setting a = 1, the value of the current Hubble parameter satisfies
H20 =
8piGN
3ϕ0(1−F0)ρ
0, (3.22)
where ϕ0 ≡ ϕ(a = 1) and F0 ≡ F(a = 1). The above equation implies that ρ0 = ρ0cϕ0(1 − F0).
We may now rewrite (3.21) in the suggestive form:
H2(a) = H20
[
Ωˆm(a)a
−3 + Ωˆγ(a)a−4 + Ωˆν(a) + ΩˆΛ(a)
]
, (3.23)
provided we introduce the new ‘hatted’ parameters Ωˆi(a), which are actually slowly varying func-
tions of the scale factor:
Ωˆi(a) =
Ωi
ϕ(a)
1
1−F(a) '
Ωi
ϕ(a)
(1 + F(a)) , (3.24)
with Ωi = ρ
0
i /ρ
0
c as previously. These functions also satisfy, exactly, the canonical sum rule at
present:
∑
i Ωˆi(a = 1) = 1. For BD = 0, the hatted parameters reduce to the old tilded ones
(3.4), Ωˆi = Ω˜i, and for typical values of |BD| ∼ O(10−3) the two sets of parameter differ by
O(BD) only:
Ωˆi(a) =
Ωi
ϕ
+O(BD) = Ω˜i +O(BD) . (3.25)
From (3.17) we obviously recover the previous Eq. (3.11) in the limit BD → 0, and it is easy to see
that for non-null values of BD the density contrast acquires a dependence on the ratio ϕ
′/ϕ and
its derivative, so it is sensitive to the relative change of ϕ with the expansion. Its time evolution
is now possible by virtue of the third BD-field equation (2.8), which can be expanded linearly in
BD in a similar way. After some calculations, we find
ϕ′′ +
1
2a
(5− 3w(a))ϕ′ = 3BD
2a2
(1− 3w(a))ϕ . (3.26)
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Figure 4: Exact numerical analysis of the evolution of ϕ as a function of the redshift across the entire cosmic history, starting
from the radiation-dominated epoch up to our time. We use here the values of the BD-ΛCDM Baseline+H0 dataset indicated
in the figure itself (cf. Secs. 7 and 8). In particular, BD = −0.00199+0.00142−0.00147. The band around the central (dotted) curve
shows the computed 1σ uncertainty from the Markov chains of our statistical analysis.
For BD = 0 we recover the solution ϕ =const. In the radiation dominated epoch (RDE), w ' 1/3,
the r.h.s. vanishes and in this case ϕ need not be constant. It is easy to see that the exact solution
of this equation in that epoch is
ϕ(a) = ϕ(0) +
ϕ(1)
a
, (3.27)
for arbitrary constants ϕ(i). The variation during the RDE is therefore very small since the
dominant solution is a constant and the variation comes only through a decaying mode 1/a ∼ t−1/2
(t is the cosmic time). For the MDE (for which w = 0) there is some evolution, once more with a
decaying mode but then through a sustained logarithmic term:
ϕ(a) ∼ ϕ(0) (1 + BD ln a) + ϕ(1)a−3/2 → ϕ(0) (1 + BD ln a) , (3.28)
where coefficient ϕ(0) is to be adjusted from the boundary conditions between epochs6. The
dynamics of ϕ for BD 6= 0 is actually mild in all epochs since BD on the r.h.s. of Eq. (3.26) is
small. However mild it might be, the dynamics of ϕ modifies both the friction and Poisson terms
in Eq. (3.17), and it is therefore of pivotal importance to understand what are the changes that
are induced by positive and negative values of BD on these terms during the relevant epochs of
the structure formation history. An exact (numerical) solution is displayed in Fig. 4, where we can
see that ϕ remains within the approximate interval 0.918 . ϕ . 0.932 for the entire cosmic history
(starting from the RDE up to our time). This plot has been obtained from the overall numerical
fit performed to the observational data used in this analysis within one of the BD-ΛCDM baseline
datasets considered (cf. Sec. 8). The error band around the main curve includes the 1σ-error
6Approximate solutions to the BD-field equations for the main cosmological variables in the different epochs are
discussed in Appendix A.
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Figure 5: Left plot: Relative difference between the friction term T1 of Eq. (3.17), δ′′m+T1δ′m−T2δm = 0, using the best-fit
values of the BD-ΛCDM model obtained with the Baseline+H0 dataset, i.e. with BD = −0.00199, and the case with BD = 0
(cf. Table 3 for the values of the other parameters); Right plot: The same, but for the last term of Eq. (3.17), T2 (Poisson
term). We can clearly appreciate that negatives values of BD produce a higher Hubble friction, i.e. a higher T1, and a lower
T2, w.r.t. the BD = 0 case. Both things lead to a decrease of δm. The two plots have been obtained with our modified version
of CLASS. See the main text for further details.
computed from our statistical analysis. Two very important things are to be noted at this point:
on the one hand the variation of ϕ is indeed small, and on the other hand ϕ < 1, and hence
G(ϕ) > GN for the whole cosmic span.
We can start considering what is the influence of the scalar field dynamics on the perturbations
during the pure MDE. Using the relations (3.19) and (3.20) in (3.17) we find (setting w = 0, ρ ' ρm
and neglecting ρΛ in the MDE):
δ′′m +
δ′m
2a
(3− BD)− 3
2a2
δm
(
1 +
4BD
3
)
= 0 . (3.29)
If BD < 0 the Poisson term (the last in the above equation) decreases and, on top of that, the
Hubble friction increases w.r.t. the case with ϕ =const. (or the GR-ΛCDM model, if we consider
the same energy densities). Both effects help to slow down the structure formation in the universe.
Of course, if BD > 0 the opposite happens. This is confirmed by solving explicitly Eq.(3.29).
Despite an exact solution to Eq. (3.29) can be found, it suffices to quote it at O(BD) and neglect
the O(2BD) corrections. The growing and decaying modes at leading order read δ+m(a) ∼ a1+BD
and δ−m(a) ∼ a−
1
2
(3+BD), respectively. The latter just fades soon into oblivion and the former
explains why negative values of BD are favored by the data on RSD, since BD < 0 obviously
slows down the rate of structure formation and hence acts as an effective (positive) contribution
to the vacuum energy density7. The preference for negative values of BD is especially clear when
the RSD data include the matter bispectrum information, which tends to accentuate the slowing
down of the growth function, as noted repeatedly in a variety of previous works [66, 67, 70, 71].
7This feature was already noticed in the preliminary treatment of Ref. [82] for the BD theory itself, and it was
actually pointed out as a general feature of the class of Running Vacuum Models (RVM), which helps to cure the
σ8-tension [68, 69]. This is remarkable, since the RVM’s turn out to mimic BD-gravity, as first noticed in [81]. For
a summary, see Appendix A.5.
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Figure 6: As in Fig. 3, but comparing now the ΛCDM baseline configuration defined there with the case BD = −0.003
(and ϕini = 1) of the BD-ΛCDM model.
We may clearly appraise this feature also in the present study, see e.g. Tables 3-4 (with spectrum
and bispectrum) and 5 (with spectrum but no bispectrum), where the σ8 value is in general well-
behaved (σ8 ' 0.8) in the BD-ΛCDM framework when BD < 0, but it is clearly reduced (at a
level σ8 ' 0.78 − 0.79) in the presence of bispectrum data. And in both cases the value of H0 is
in the range of 70− 71 km/s/Mpc. Most models trying to explain both tensions usually increase
σ8 substantially (0.82− 0.85).
We can also study the pure vacuum-dominated epoch (VDE) in the same way. In this case
ϕ ∼ a2BD (cf. Appendix B), and hence
a
ϕ′
ϕ
= 2BD +O(2BD) ' 2BD , (3.30)
again with F ′ = O(2BD) ' 0. The Poisson term can be neglected in this case since ρm  ρ ' ρΛ,
and hence,
δ′′m +
δ′m
a
(3− BD) = 0 . (3.31)
When the vacuum energy density rules the expansion of the universe, there is a stable constant
mode solution δm =const. and a decaying mode that decreases faster than in the GR scenario if
BD < 0, again due to the fact that the friction term is in this case larger than in the standard
picture, specifically the latter reads δ−m(a) ∼ a−2+BD in the O(BD) approximation. The analytical
study of the transition between the matter and vacuum-dominated epochs is more difficult, but
with what we have already seen it is obvious that the amount of structure generated also in this
period of the cosmic expansion will be lower than in the ϕ =const. case if BD takes a negative
value. In Fig. 5 we show this explicitly.
From this analysis it should be clear that if BD < 0 there is a decrease of the matter density
contrast for fixed energy densities when compared with the GR-ΛCDM scenario, and also with
the BD scenario with ϕ = const. In Fig. 6 we can see this feature directly in the matter power
spectrum, which is seen to be suppressed with respect to the case BD = 0 for those scales that
are relevant for the RSD, i.e. within the range of wave numbers 0.01hMpc−1 . k . 0.1hMpc−1
(corresponding to distance scales roughly between a few dozen to a few hundred Mpc). However,
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Figure 7: As in Fig. 1, but comparing the GR-ΛCDM baseline scenario (equivalent to the BD-ΛCDM one for BD = 0,
ϕ = 1) with the case BD = ±0.003, using as initial condition ϕini = 1.
we still don’t know whether these negative values of BD can also be accommodated by the other
datasets.
To check this, let us recall from our discussion above (see also Appendices A and B for more
details) that the evolution of the BD-field takes place basically during the MDE. In the RDE the
scalar field is essentially frozen once the decaying mode becomes irrelevant, and although in the
late-time universe ϕ evolves faster than in the MDE (compare (3.19) and (3.30)) it remains almost
constant in the redshift range z . O(1), in which all the non-CMB data points lie, particularly
the LSS data. Let us note that the typical values of BD fitted from the overall set of data used in
our analysis (cf. Sec. 7) place that parameter in the ballpark of |BD| ∼ O(10−3) (cf. Tables 3-5,
for example). Schematically, we can think that the field takes a value ϕini during the RDE, then
if BD < 0 it decreases an amount ∆ϕini < 0 with respect to its original value ϕini, during the
MDE, and finally ϕ0 ≈ ϕini + ∆ϕini, with ϕ(z) ≈ ϕ0 at z . O(1). Thus, Eq. (3.1) still applies in
good approximation during the RDE and the late-time universe, but with two different values of
the cosmological Newton’s coupling in the two (widely separated) cosmological eras. Taking these
facts into account it is easy to understand why SNIa data are not able to tell us anything about
BD when used alone, since again ϕ
0 is fully degenerated with the absolute magnitude parameter
M of the supernovae. This does not mean, though, that SNIa data cannot tell us anything about
the H0-tension when they are considered together with other datasets that do provide constraints
on H0, since the constraints that SNIa impose on Ω˜m help to break degeneracies present in the
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other datasets and to tighten the allowed region of parameter space. H0LICOW and CCH data,
for instance, will allow us to put constraints again on Ω˜m and also on H0 (hence on ρ
0/ϕ0).
BAO will constrain ρ0b , Ω˜m, and now also ∆ϕini/ϕini, which is proportional to BD. For instance,
rsH(z) ∝
(
1− ∆ϕini2ϕini
)
.
The BD effect caused on the temperature spectrum of CMB anisotropies is presented in the
fourfold plot in Fig. 7. Due to the fact that now we have BD 6= 0, ∆ϕ 6= 0, a small shift in
the location of the peaks is naturally generated. In the right-bottom plot of such figure one can
see that negative values of BD move the peaks slightly towards lower multipoles, and the other
way around for positive values of this parameter. It is easy to understand why. To start with,
let us remark that we have produced all the curves of this plot using the same initial condition
ϕini = 1 and the same ρ
0
b , ρ
0
cdm and ρΛ and, hence, fixing in the same way the complete evolution
of the energy densities for the different plots in that figure. This means that the differences in
the Hubble function can only be due to differences in the evolution of the BD scalar field. The
modified expansion histories produce changes in the value of θ∗ = rs/DA,rec (with DA,rec being
the angular diameter distance to the last scattering surface), so also in the location of the peaks.
If BD < 0, ϕ decreases with the expansion, so its value at recombination and at present is lower
than when BD = 0, and correspondingly G(ϕ) will be higher. Because of this, the value of the
Hubble function will be larger, too, and the cosmological distances lower, so the relation between
θ∗(BD 6= 0) and θ∗(BD = 0) can be written as follows:
θ∗(BD 6= 0) = rs(BD 6= 0)
DA,rec(BD 6= 0) =
X · rs(BD = 0)
Y ·DA,rec(BD = 0) =
X
Y
θ∗(BD = 0) , (3.32)
where the rescaling factors satisfy 0 < X,Y < 1 for BD < 0. As we have already mentioned before,
most of the variation of ϕ occurs during the MDE, so the largest length reduction will be in the
cosmic stretch from recombination to the present time, and thereby Y < X. Thus, if BD < 0
we find θ∗(BD < 0) > θ∗(BD = 0) and the peaks of the TT CMB spectrum shifts towards lower
multipoles. Analogously, if BD is positive X,Y > 1, with Y > X, so θ∗(BD > 0) < θ∗(BD = 0)
and the peaks move to larger multipoles. It turns out, however, that these shifts, and also the
changes in the amplitude of the peaks, can be compensated by small changes in the baryon and
DM energy densities, as we will show in Sec. 8.
At this point we would like to recall why in the GR-ΛCDM concordance model it is not possible
to reconcile the local measurements of H0 with its CMB-inferred value. In the concordance model,
which we assume spatially flat, the current value of the cold dark matter density is basically fixed
by the amplitude of the first peak of the CMB temperature anisotropies, and ρ0b by the relative
amplitude of the second and third peaks with respect to the first one. As a result, even if the
cosmological term plays no role in the early universe, one finds that in order to explain the precise
location of the CMB peaks the value of ρΛ obtained from the matching of the predicted θ∗ with
the measured peak positions determines ρΛ so precisely that it leaves little margin. This causes
a problem since such narrow range of values is not in the right range to explain the value of
the current Hubble parameter measured with the cosmic distance ladder technique [29–31] and
the Strong-Lensing time delay angular diameter distances from H0LICOW [32]. In other words,
despite the concordance model fits in a remarkably successful way the CMB and BAO, and also
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the SNIa data, there is an irreducible internal discordance in the parameter needs to explain with
precision both the physics of the early and of the late-time universe. This is of course the very
expression of the H0-tension, to which we have to add the σ8 one.
Cosmographic analyses based on BAO and SNIa data calibrated with the GR-ΛCDM Planck
preferred value of rs also lead to low estimates of H0. This is the so-called inverse cosmic distance
ladder approach, adopted for instance in [140–143]. This has motivated cosmologists to look for
alternative theoretical scenarios (for instance, the generic class of EDE proposals) able to increase
the expansion rate of the universe before the decoupling of the CMB photons and, hence, to lower
rs down. This, in principle, demands an increase of the Hubble function at present in order not to
spoil the good fit to the BAO and CMB observables. Nevertheless, not all the models passing the
BAO and CMB constraints and predicting a larger value of H0 satisfy the ‘golden rule’ mentioned
in the Introduction, since they can lead e.g. to a worsening of the σ8-tension. As an example, we
can mention some early DE models, e.g. those discussed in [104]. In these scenarios there is a very
relevant DE component which accounts for the ∼ 7% of the total matter-energy content of the
universe at redshifts ∼ 3000 − 5000, before recombination. This allows of course to enhance the
expansion rate and reduce rs. After such epoch, the DE decays into radiation. In order not to alter
the position of the CMB peaks and BAO relative distances, an increase of the DM energy density
is needed. According to [105], this leads to an excess of density power and an increase of σ8 which
is not welcome by LSS measurements, including RSD, Weak-Lensing and galaxy clustering data.
Another example is the interesting modified gravity model analyzed in [111], based on changing
the cosmological value of G also in the pre-recombination era, thus mimicking an increase of the
effective number of relativistic degrees of freedom in such epoch. The additional component gets
eventually diluted at a rate faster than radiation in the MDE and it is not clear if an effect is left
at present8. This model also fits the CMB and BAO data well and loosens at some extent the H0-
tension, but violates the golden rule of the tension solver, as it spoils the structure formation owing
to the very large values of σ8 ∼ 0.84 − 0.85 that are predicted (see the final Sec. 9 on Discussion
and Conclusions for more details).
Our study shows that a value of the cosmological gravitational coupling about ∼ 10% larger
than GN can ameliorate in a significant way the H0-tension, while keeping the values of all the
current energy densities very similar to those found in the GR-ΛCDM model. If, apart from that,
we also allow for a very slow running (increase) of the cosmological G triggered by negative values
of order BD ∼ −O(10−3), we can mitigate at the same time the σ8-tension when only the CMB
TT+lowE anisotropies are considered. When the CMB polarizations and lensing are also included
in the analysis, then σ8 is kept at the GR-ΛCDM levels, and the sign of BD is not conclusive. In
all situations we can preserve the golden rule. We discuss in detail the numerical results of our
analysis in Sec. 8.
8In stark contrast to the model of [111], in BD-ΛCDM cosmology the behavior of the effective ρBD (acting as a
kind of additional DE component during the late universe) mimics pressureless matter during the MDE epoch and
modifies the effective EoS of the DE at present, see the next Sec. 4 for details.
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4 Effective equation of state of the dark energy in the BD-ΛCDM
model
Our aim in this section is to write down the Brans-Dicke cosmological equations (2.6)-(2.8) in the
context of what we may call the “effective GR-picture”. This means to rewrite them in such a
way that they can be thought of as an effective model within the frame of GR, thus providing a
parametrized departure from GR at the background level. We will see that the main outcome of
this task, at least qualitatively, is that the BD-ΛCDM model (despite it having a constant vacuum
energy density ρΛ) appears as one in the GR class, but with a dynamical DE rather than a CC.
The dynamics of such an effective form of DE is a function of the BD-field ϕ. We wish to compute
its effective EoS. In order to proceed, the first step is to rewrite Eq. (2.6) a` la Friedmann:
3H2 = 8piGN (ρ+ ρϕ) , (4.1)
where ρ is the total energy density as defined previously (coincident with that of the GR-ΛCDM
model), and ρϕ is the additional ingredient that is needed, which reads
ρϕ ≡ 3
8piGN
(
H2∆ϕ−Hϕ˙+ ωBD
6
ϕ˙2
ϕ
)
. (4.2)
Remember the definition ϕ(t) ≡ GNψ(t) made in (2.10), and we have now introduced
∆ϕ(t) ≡ 1− ϕ(t) , (4.3)
which tracks the small departure of ϕ from one and hence of G(ϕ) from GN (cf. Sec. 2). Note
that ϕ = ϕ(t) evolves in general with the expansion, but very slowly since BD is presumably fairly
small.
From the above Eq. (4.2) it is pretty clear that we have absorbed all the terms beyond the
ΛCDM model into the expression of ρϕ. While it is true that we define this quantity as if it were
an energy density, it is important to bear in mind that it is not associated to any kind of particle, it
is just a way to encapsulate those terms that are not present in the standard model. This quantity,
however, satisfies a local conservation law as if it were a real energy density, as we shall see in a
moment. From the generalized Friedmann equation (4.1) and the explicit expression for ρϕ given
above we can write down the generalized cosmic sum rule verified by the BD-ΛCDM model in the
effective GR-picture:
Ωm + Ωr + ΩΛ + Ωϕ = 1 , (4.4)
where the Ωi are the usual (current) cosmological parameters of the concordance ΛCDM, whereas
Ωϕ is the additional one that parametrizes the departure of the BD-ΛCDM model from the GR-
ΛCDM in the context of the GR-picture, and reads
Ωϕ =
ρ0ϕ
ρ0c
. (4.5)
Notice that the above sum rule is exact and it is different from that in Eq. (3.5) since the latter is
only approximate for the case when BD = 0 or very small. These are two different pictures of the
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same BD-ΛCDM model. The modified cosmological parameters (3.4) depend on ϕ whereas here
the ϕ-dependence has been fully concentrated on Ωϕ. It is interesting to write down the exact
equation (4.4) in the form
Ωm + Ωr + ΩΛ = 1− Ωϕ = 1−∆ϕ0 + ϕ˙0
H0
− ωBD
6
ϕ˙20
H20ϕ0
. (4.6)
in which ϕ0 = ϕ(z = 0) and ϕ˙0 = ϕ˙(z = 0). For BD ' 0 we know that ϕ 'const. and we
can neglect the time derivative terms and then we find the approximate form Ωm + Ωr + ΩΛ =
1−Ωϕ ' 1−∆ϕ0. This equation suggests that a value of ∆ϕ0 6= 0 would emulate the presence of
a small fictitious spatial curvature in the GR-picture. See e.g. [144–146] and references therein for
the study of a variety models explicitly involving spatial curvature.
The second step in the process of constructing the GR-picture of the BD theory is to express
(2.7) as in the usual pressure equation for GR, and this forces us to define a new pressure quantity
pϕ associated to ρϕ. We find
2H˙ + 3H2 = −8piGN (p+ pϕ), (4.7)
with
pϕ ≡ 1
8piGN
(
−3H2∆ϕ− 2H˙∆ϕ+ ϕ¨+ 2Hϕ˙+ ωBD
2
ϕ˙2
ϕ
)
. (4.8)
On the face of the above definitions (4.2) and (4.8), we can now interpret the BD theory as an
effective theory within the frame of General Relativity, which deviates from it an amount ∆ϕ.
Indeed, for ∆ϕ = 0 we have ρϕ = pϕ = 0 and we recover GR. Mind that ∆ϕ = 0 means not
only that ϕ =const (hence that BD = 0, equivalently ωBD → ∞), but also that that constant is
exactly ϕ = 1. In such case Geff is also constant and Geff = GN exactly. The price that we have
to pay for such a GR-like description of the BD model is the appearance of the fictitious BD-fluid
with energy density ρϕ and pressure pϕ, which complies with the following conservation equation
throughout the expansion of the universe 9:
ρ˙ϕ + 3H(ρϕ + pϕ) = 0. (4.9)
One can check that this equation holds after a straightforward calculation, which makes use of the
three BD-field equations (2.6)-(2.8). Although at first sight the above conservation equation can
be surprising actually it is not, since it is a direct consequence of the Bianchi identity. Let us now
assume that the effective BD-fluid can be described by an equation of state like pϕ = wϕρϕ, so
wϕ =
pϕ
ρϕ
=
−3H2∆ϕ− 2H˙∆ϕ+ ϕ¨+ 2Hϕ˙+ ωBD2 ϕ˙
2
ϕ
3H2∆ϕ− 3Hϕ˙+ ωBD2 ϕ˙
2
ϕ
. (4.10)
The contribution from those terms containing derivatives of the BD-field are subdominant for the
whole cosmic history. We have verified this fact numerically, see Fig. 4. While the variation of ϕ
9The new ‘fluid’ that one has to add to GR to effectively mimic BD plays a momentous role to explain the H0
and σ8-tensions. In a way it mimics the effect of the ‘early DE’ models mentioned in the previous section, except
that the BD-fluid persists for the entire cosmic history and is instrumental both in the early as well as in the current
universe so as to preserve the golden rule of the tension solver: namely, it either smoothes the two tensions of GR
or improves one of them without detriment of the other.
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Figure 8: Left plot: Effective equation of state of the DE in the BD-ΛCDM model as a function of the redshift. The inner
plot magnifies the region around our time. We can see that the BD model mimics quintessence with a significance of more
than 3σ; Right plot: It shows once more Fig. 4 in order to ease the comparison of the EoS evolution, which is associated to
the evolution of the BD-field ϕ – cf. Eq.(4.12). The shadowed bands in these plots correspond to the 1σ regions.
between the two opposite ends of the cosmic history is of ∼ 1.5% and is significant for our analysis,
the instantaneous variation is actually negligible. Thus, Hϕ˙ and ϕ¨ are both much smaller than
H˙∆ϕ, and in this limit we can approximate (4.10) very accurately as
wϕ(t) ' −1− 2
3
H˙
H2
(for Hϕ˙, ϕ¨ H˙∆ϕ) . (4.11)
This EoS turns out to be the standard total EoS of the ΛCDM, which boils down to the EoS
corresponding to the different epochs of the cosmic evolution (i.e. w = 1/3, 0,−1 for RDE, MDE
and VDE). This means that the EoS of the BD-fluid mimics these epochs. We can go a step
further and define not just the BD-fluid but the combined system of the BD-fluid and the vacuum
energy density represented by the density ρΛ associated to the cosmological constant. We define
the following effective EoS for such combined fluid:
weff ≡ pΛ + pϕ
ρΛ + ρϕ
= −1 + pϕ + ρϕ
ρΛ + ρϕ
= −1 + −2H˙∆ϕ+ f1(ϕ, ϕ˙, ϕ¨)
Λ + 3H2 ∆ϕ+ f2(ϕ, ϕ˙)
, (4.12)
where the two functions
f1(ϕ, ϕ˙, ϕ¨) = ϕ¨−Hϕ˙+ ωBD ϕ˙
2
ϕ
, f2(ϕ, ϕ˙) = −3Hϕ˙+ ωBD
2
ϕ˙2
ϕ
(4.13)
involve differentiations with respect to the slowly varying field ϕ and as before they are negligible,
in absolute value, as compared to H˙∆ϕ and H2∆ϕ. The effective EoS (4.12) is a time-evolving
quantity which mimics dynamical DE at low redshifts. At very high redshifts z  1, well beyond
the DE dominated epoch, we can neglect Λ in the denominator of the EoS and the dominant term
is 3H2 ∆ϕ. Similarly, in the numerator the dominant term is always −2H˙∆ϕ. Therefore, at high
redshifts the effective EoS (4.12) behaves as (4.11) since ∆ϕ cancels out: weff(z) ' wϕ(z) (z  1),
31
which means that it just reproduces the standard EoS of the GR-ΛCDM. The exact EoS (4.12),
however, must be computed numerically, and it is displayed in Fig. 8, together with the numerical
plot of ϕ (which we have already shown in Fig. 4). We have used the Baseline+H0 dataset defined
in Sec. 7. For a semi-qualitative discussion of the combined EoS it will suffice an analytical
approximation, as we did before with wϕ. The most relevant part of weff(z) as to the possibility of
disentangling the dynamical DE effects triggered by the underlying BD model is near the present
time (z < 1). Thus, neglecting the contribution from the functions f1,2, but now keeping the
Λ-term in the denominator of (4.12) we can use the Hubble function of the concordance model
and we find the following result at linear order in ∆ϕ:
weff(z) ' −1− 2H˙∆ϕ
Λ
' −1 + ∆ϕ Ωm
ΩΛ
(1 + z)3 , (4.14)
where Ωm and ΩΛ are the current values of the cosmological parameters, which satisfy Ωm+ΩΛ = 1
for spatially flat universe. As has been stated before, the previous approximate formula is valid
only for z < 1, but it shows very clearly that for ∆ϕ > 0 (resp. < 0) we meet quintessence-like
(resp. phantom-like) behavior. As we have repeatedly emphasized, our analysis points to BD < 0
and hence ϕ decreases with the expansion, remaining smaller than one. From Eq. (4.3) this means
∆ϕ > 0 and therefore we find that the effective GR behavior of the BD-ΛCDM is quintessence-
like. We can be more precise at this point. We have numerically computed the value of the exact
function (4.12) at z = 0, taking into account the contribution from all the terms, in particular
the slowly varying functions (4.13), see Tables 3-6. The results obtained from three of the most
prominent datasets defined in Sec. 7 read as follows:
Baseline : weff(0) =− 0.983+0.015−0.014 (4.15)
Baseline + H0 : weff(0) =− 0.966+0.012−0.011 (4.16)
Baseline + H0 + SL : weff(0) =− 0.962± 0.011. (4.17)
As can be seen, there is a non-negligible departure from the constant EoS value −1 of the GR-
ΛCDM, which reaches the ∼ 3σ c.l. when the prior on H0 from the local distance ladder measure-
ment by SH0ES [31] is included in the analysis, and ∼ 3.5σ c.l. when also the angular diameter
distances from H0LICOW [32] are taken into account. The effective quintessence EoS weff(0) > −1
is one of the ingredients that allows the BD-ΛCDM model to significantly loosen the H0-tension,
since it is a direct consequence of having ϕ < 1 (or, equivalently, G > GN ) (cf. Sec. 3 for details).
We have obtained the above results from the equations of motion once a metric was assumed;
however, it is possible to obtain all the expressions listed in this section starting from the BD ac-
tion (2.1) itself and then considering the FLRW metric. To show this, let us use the dimensionless
field ϕ = GNψ and the variable ∆ϕ defined in (4.3). First of all we split the whole action in three
pieces
SBD[ϕ] = SEH + SGR[ϕ] + Sm, (4.18)
where
SEH ≡
ˆ
d4x
√−g
[
R
16piGN
− ρΛ
]
, (4.19)
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is the usual Einstein-Hilbert action, whereas
SGR[ϕ] ≡
ˆ
d4x
√−g 1
16piGN
[
−R∆ϕ− ωBD
ϕ
gµν∂νϕ∂µϕ
]
, (4.20)
is the action parametrizing the deviation of the BD theory from the GR-picture expressed in terms
of the scalar field ϕ. As expected, for ϕ = 1 that action vanishes identically. Finally,
Sm ≡
ˆ
d4x
√−gLm(χi, gµν) (4.21)
is the action for the matter fields. Since there is no interaction involving ϕ with other components,
the BD-field ϕ is covariantly conserved, as remarked in Sec. 2. In order to compute the energy-
momentum tensor and find out the effective density and pressure of the BD-field, we apply the
usual definition of that tensor in curved spacetime:
TBDµν = −
2√
g
δSGR[ϕ]
δgµν
. (4.22)
After some calculations we arrive at
TBDµν =
Rµν
8piGN
∆ϕ− ∇ν∇µϕ
8piGN
+
gµνϕ
8piGN
+
ωBD
8piϕ
∂νϕ∂µϕ
− gµν
16piGN
(
R∆ϕ+
ωBD
ϕ
gαβ∂αϕ∂βϕ
)
.
(4.23)
Since ϕ has no interactions it behaves as any free scalar field, so its energy-momentum tensor must
adopt the perfect fluid form at the background level:
TBDµν = pϕgµν + (ρϕ + pϕ)uµuν . (4.24)
Now we can compare this form with (4.23). It is straightforward to obtain the energy density as
well as the corresponding pressure, we only need to compute ρϕ = T
BD
00 and pϕ = (T
BD + ρϕ)/3,
being TBD = gµνTBDµν the trace of the tensor. Using at this point the spatially flat FLRW metric
one can work out the explicit result for ρϕ and ρϕ and reconfirm that it acquires the form previously
indicated in the equations (4.2) and (4.8). This provides perhaps a more formal derivation of these
formulas and serves as a cross-check of them.
5 Structure formation in the linear regime. Perturbations equa-
tions
In order to perform a complete analysis of the model, we need to study the evolution of the
perturbed cosmological quantities in the context of BD theory. For a review of the standard model
perturbations equations, see e.g. [147–149]. We assume a FLRW metric written in conformal time,
denoted by η, in which the line element is ds2 = a2(η)[−dη2 + (δij + hij)dxidxj ]. Here hij is
a perturbation on the spatial part of the metric which can be expressed in momentum space as
follows,
hij(η,x) =
ˆ
d3k e−ik·x
[
kˆikˆjh(η,k) +
(
kˆikˆj − δij
3
)
6ξ(η,k)
]
. (5.1)
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As we see, in momentum space the trace h ≡ δijhij decouples from the traceless part of the
perturbation, ξ. Now, we are going to list the perturbations equations at late stages of expansion
in momentum space at deep subhorizon scales, that is, we assume H2  k2, with H ≡ a′/a.
Although primes were used previously for derivatives with respect to the scale factor, they will
henceforth stand for derivatives with respect to the conformal time within the main text (except
in Appendix B): ()′ ≡ d()/dη. For example, it is easy to see that H = aH. One may work with
the standard differential equation for the density contrast at deep subhorizon scales,
δ′′m +Hδ′m − 4piGN ρ¯ma2δm = 0, (5.2)
where δm ≡ δρm/ρ¯m is the density contrast, the bar over ρ¯m indicates that is a background quantity
and the evolution of H and ρ¯m is the one expected by the background equations of the BD theory
in Section 2. This expression is just the corresponding one for the ΛCDM, completely neglecting
any possible perturbation in the BD-field, namely δϕ. However, it is possible to see that a second
order differential equation for the density contrast can be written, even if the perturbation in ϕ is
not neglected. This is done in detail in the Appendices C and D for the Synchronous as well as for
the Newtonian gauges, respectively. In this section, we present the main perturbations equations
in the case of the Synchronous gauge and discuss the interpretation of the result.
If vm is the physical 3-velocity of matter (which is much smaller than 1 and can be treated as
a perturbation), then we can define its divergence, θm ≡ ∇ · (vm). At deep subhorizon scales it is
possible to see that the equation governing its evolution is
θ′m +Hθm = 0. (5.3)
Since da−1/dη = −H/a, we arrive to a decaying solution θm ∝ a−1. A common assumption is to
set θm ∼ 0 in the last stages of the universe, which is what we will do in our analysis. This allows
us to simplify the equations. Another simplification occurs if we take into account that we are
basically interested in computing the matter perturbations only at deep subhorizon scales, namely
for k2  H2, which allows us to neglect some terms as well (cf. Appendix C). Altogether we are
led to the following set of perturbations equations in the synchronous gauge:
δ′m = −
h′
2
. (5.4)
k2δϕ+
h′
2
ϕ¯′ =
8piGN
3 + 2ωBD
a2ρ¯mδm , (5.5)
ϕ¯(Hh′ − 2ξk2) + k2δϕ+ h
′
2
ϕ¯′ = 8piGNa2ρ¯mδm , (5.6)
2k2δϕ+ ϕ¯′h′ + ϕ¯
(
h′′ + 2h′H− 2k2ξ) = 0 . (5.7)
Combining these four equations simultaneously (cf. Appendix C for more details) and without
doing any further approximation, one finally obtains the following compact equation for the matter
density contrast of the BD theory at deep subhorizon scales:
δ′′m +Hδ′m −
4piGNa
2
ϕ¯
ρ¯mδm
(
4 + 2ωBD
3 + 2ωBD
)
= 0 . (5.8)
34
In other words,
δ′′m +Hδ′m − 4piGeff(ϕ¯)a2 ρ¯mδm = 0 . (5.9)
The quantity
Geff(ϕ¯) =
GN
ϕ¯
(
4 + 2ωBD
3 + 2ωBD
)
=
GN
ϕ¯
(
2 + 4BD
2 + 3BD
)
(5.10)
is precisely the effective coupling previously introduced in Eq. (3.10); it modifies the Poisson term
of the perturbations equation with respect to that of the standard model, Eq. (5.2). There is, in
addition, a modification in the friction term between the two models, which is of course associated
to the change in H.
The argument of Geff in (5.10) is not ϕ but the background value ϕ¯ since the latter is what
remains in first order of perturbations from the consistent splitting of the field into the background
value and the perturbation: ϕ = ϕ¯+δϕ. Notice that there is no dependence left on the perturbation
δϕ. As we can see from (5.10), the very same effective coupling that rules the attraction of two
tests masses in BD-gravity is the coupling strength that governs the formation of structure in this
theory, as it could be expected. But this does not necessarily mean that the effective gravitational
strength governing the process of structure formation is the same as for two tests masses on Earth.
We shall elaborate further on this point in the next section. At the moment we note that if we
compare the above perturbations equation with the standard model one (5.2), the former reduce
to the latter in the limit ωBD →∞ (i.e. BD → 0) and ϕ¯ = 1.
The form of (5.9) in terms of the scale factor variable rather than in conformal time was
given previously in Sec. 3.1 when we considered a preview of the implications of BD-gravity on
structure formation data10. The transformation of derivatives between the two variables can be
easily performed with the help of the chain rule d/dη = aHd/da.
6 Different BD scenarios and Mach’s Principle
As previously indicated, the relation (3.10), which appears now in the cosmological context in the
manner (5.10), follows from the computation of the gravitational field felt by two test point-like
(or spherical) masses in interaction in BD-gravity within the weak-field limit [49,51], see also [150]
and references therein. Such relation shows in a manifest way the integration of Mach’s principle
within the BD context, as it postulates a link between the measured local value of the gravitational
strength, GN , as measured at the Earth surface, and its cosmological value, Geff(ϕ), which depends
on ϕ and ωBD. In particular, ϕ may be sensitive to the mean energy densities and pressures of all
the matter and energy fields that constitute the universe. If there is no mechanism screening the
BD-field on Earth, Geff(ϕ¯)(z = 0) = GN . However, one can still fulfill this condition if Eq. (5.10)
10Recall, however, that prime in Eq. (5.9) stands for differentiation w.r.t. conformal time whereas in Eq. (3.9)
denotes differentiation w.r.t. the scale factor. These equations perfectly agree and represent the same perturbations
equation for the matter density field in BD-gravity in the respective variables. They are also in accordance with
the perturbations equation obeyed by the matter density field within the context of scalar-tensor theories with the
general action (2.14) [123] of which the form (2.13) is a particular case.
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constraints the current value of the cosmological BD-field ϕ¯
ϕ¯(z = 0) =
4 + 2ωBD
3 + 2ωBD
=
2 + 4BD
2 + 3BD
' 1 + 1
2
BD +O(2BD) . (6.1)
That is to say, such constraint permits to reconcile Geff(ϕ¯)(z = 0) with GN by still keeping
ϕ¯(z = 0) 6= 1 and BD 6= 0. Hence the BD-field can be dynamical and there can be a departure of
G(ϕ¯) from GN even at present. This constraint, however, is much weaker than the one following
from taking the more radical approach in which Geff(ϕ) and GN are enforced to coincide upon
imposing the double condition BD → 0 (i.e. ωBD → ∞) and ϕ¯ = 1. It is this last setup which
anchors the BD theory to remain exactly (or very approximately) close to GR at all scales.
However, if we take seriously the stringent constraint imposed by the Cassini probe on the post-
Newtonian parameter γPN [125], which leads to a very large value of ωBD & 104 (equivalently,
a very small value of BD = 1/ωBD), as we discussed in Sec. 2, ϕ¯ must remain almost constant
throughout the cosmic expansion, thus essentially equal to ϕ¯(z = 0). However, the Cassini limit
leaves ϕ¯(z = 0) unconstrained, so this constant is not restricted to be in principle equal to 1. In
this case the relation (6.1) may or may not apply; there is in fact no especial reason for it (it
will depend on the effectiveness of the screening mechanism on Earth). If it does, i.e. if there is
no screening, Geff is forced to be very close to GN ∀z; if it does not, ϕ¯ can freely take (almost
constant) values which do not push Geff to stay so glued to GN . It is interesting to see the extent
to which the cosmological constraints can compete with the local ones given the current status of
precision they can both attain.
So, as it turns out, we find that one of the two interpretations leads to values of Geff very close
to GN ∀z on account of the fact that we are imposing very large values of ωBD and assuming (6.1),
whereas the other achieves the same aim (viz. Geff can stay very close to GN ) for intermediate
values of ωBD provided they are linked to ϕ¯(z = 0) through the constraint (6.1). This last option,
as indicated, is not likely since this would imply the existence of a screening at the scales probed
by Cassini that may become ineffective on Earth, where the densities are higher. Finally, we may
as well have a situation where the cosmological Geff remains different from GN even if the Cassini
limit is enforced. For this to occur we need an (essentially constant) value of ϕ¯ 6= 1 (different from
the one associated to that constraint) at the cosmological level. This can still be compatible with
the local constraints provided ϕ is screened on Earth at z = 0.
A more open-minded and general approach, which we are going to study in this work, is to
take the last mentioned option but without the Cassini limit. This means that BD is not forced to
be so small and hence ϕ can still have some appreciable dynamics. We assume that the pure BD
model applies from the very large cosmological domains to those at which the matter perturbations
remain linear. Equation (5.10) predicts the cosmological value of Geff once ωBD and the initial
value ϕini are fitted to the data. We can dispense with the Cassini constraint (which affects ωBD
only) because we assume that some kind of screening mechanism acts at very low (astrophysical)
scales, namely in the nonlinear domain, without altering the pure BD model at the cosmological
level. To construct a concrete screening mechanism would imply to specify some microscopic
interaction properties of ϕ with matter, but these do not affect the analysis at the cosmological
level, where there are no place with high densities of material particles. But once such mechanism is
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constructed (even if not being the primary focus of our work) the value of the BD-field ϕ is ambient
dependent, so to speak, since ϕ becomes sensitive to the presence of large densities of matter. This
possibility is well-known in the literature through the chameleon mechanism [136] and in the case
of the BD-field was previously considered in [126] without letting the Brans-Dicke parameter ωBD
to acquire negative values, and using datasets which now can be considered a bit obsolete. Here
we do, instead, allow negative values for ωBD (we have seen in Sec. 3 the considerable advantages
involved in this possibility), and moreover we are using a much more complete set of observations
from all panels of data taking. In this scenario we cannot make use of (5.10) to connect the locally
measured value of the gravitational strength GN with the BD-field at cosmological scales. We
just do not need to know how the theory exactly connects these two values. We reiterate once
more: we will not focus on the screening mechanism itself here but rather on the properties of the
BD-field in the universe in the large, i.e. at the cosmological level. As it is explained in [126] – see
also [118] – many scalar-tensor theories of gravity belonging to the Horndeski class [55] could lead
to such kind of BD behavior at cosmological level and, hence, it deserves a dedicated and updated
analysis, which is currently lacking in the literature.
To summarize, the following interpretations of the BD-gravity framework considered here are,
in principle, possible in the light of the current observational data:
• BD-Scenario I: Rigid Scenario for both the Local and Cosmological domains. In it, we have
Geff(ϕ(z)) ' G(ϕ(z)) ' GN , these three couplings being so close that in practice BD-gravity
is indistinguishable from GR. In this case, the BD-gravity framework is assumed to hold
on equal footing with all the scales of the universe, local and cosmological. There are no
screening effects from matter. In this context, one interprets that the limit from the Cassini
probe [125] leads to a very large value of ωBD, which enforces ϕ to become essentially rigid,
and one assumes that such constant value is very close to 1 owing to the relation (6.1). Such
a rigid scenario is, however, unwarranted. It is possible, although is not necessary since,
strictly speaking, there is no direct connection between the Cassini bound on ωBD and the
value that ϕ can take. Thus, in this scenario the relation (6.1) is just assumed. In point of
fact, bounds on ωBD can only affect the time evolution of ϕ, they do not constraint its value.
• BD-Scenario II (Main): Locally Constrained but Cosmologically Unconstrained Scenario.
It is our main scenario. It assumes a constrained situation in the local domain, caused
by the presence of chameleonic forces, but permits an unconstrained picture for the entire
cosmological range. In other words, the Cassini limit that holds for the post-Newtonian
parameter γPN in the local astrophysical level (and hence on ωBD) is assumed to reflect
just the presence of screening effects of matter in that nonlinear domain. These effects are
acting on ϕ and produce the illusion that ωBD has a very large value (as if ‘dressed’ or
‘renormalized’ by the chamaleonic forces). One expects that the ‘intrusive’ effects of matter
are only possible in high density (hence nonrelativistic) environments, and in their presence
we cannot actually know the real (‘naked’) value of ωBD through local experiments alone.
We assume that the screening disappears as soon as we leave the astrophysical scales and
plunge into the cosmological ones; then, and only then, we can measure the naked or “bare’
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value of ωBD (stripped from such effects). We may assume that the screening ceases already
at the LSS scales where linear structure formation occurs. The bare value of ωBD can then
be fitted to the overall data, and in particular to the LSS formation data. Since ωBD does
no longer appear that big (nor it has any a priori sign) the BD-field ϕ can evolve in an
appreciable way at the cosmological level: it increases with the expansion if ωBD > 0, and
decreases with the expansion if ωBD < 0. In this context, its initial value, ϕini, becomes a
relevant cosmological parameter, which must be taken into account as a fitting parameter
on equal footing with ωBD and all of the conventional parameters entering the fit. Using the
large wealth of cosmological data, these parameters can be fixed at the cosmological level
without detriment of the observed physics at the local domain, provided there is a screening
mechanism insuring that Geff(ϕ)(0) stays sufficiently close to GN in the local neighbourhood
– as in option ii) of the previous point. The numerical results for this important scenario are
presented in Tables 3-6 and 9.
• BD-Scenario III: Intermediate Scenario. A more restricted version of scenario II can
appear if the ‘bare value’ of ωBD is as large as in the Cassini bound. In such case ωBD is,
obviously, perceived large in both domains, local and cosmological. Even so, and despite of
the fact that ϕ varies very slowly in this case, one can still exploit the dependence of the fit
on the initial value of the BD-field, ϕini, and use it as a relevant cosmological parameter. In
practice, this situation has only one additional degree of freedom as compared to Scenario
I (and one less than in Scenario II), but it is worth exploring – see our results in Table 10.
As these numerical results show, the Cassini bound still leaves considerable freedom to the
BD-ΛCDM model for improving the H0 tension (without aggravating the σ8 one) since the
value of ϕ is still an active degree of freedom, despite its time evolution is now more crippled.
• BD-Scenario IV: Variable-ωBD(ϕ) Scenario. Here one admits that the parameter ωBD is
actually a function of the BD-field, ωBD = ωBD(ϕ), which can be modeled and adapted to
the constraints of the local and cosmological domains, or even combined with the screening
effects of the local universe. We have said from the very beginning that we would assume
ωBD =const. throughout our analysis, and in fact we shall stick to that hypothesis; so
here we mention the variable ωBD scenario only for completeness. In any case, if a function
ωBD(ϕ) exists such that it takes very large values in the local universe while it takes much
more moderate values in the cosmological scales, that sort of scenario would be in the main
tantamount to Scenario II insofar as concerns its cosmological implications.
In our analysis we basically choose BD- Scenarios II and III (the latter being a particular case
of the former), which represent the most tolerant point of view within the canonical ωBD =const.
option. Scenario II offers the most powerful framework amenable to provide a cure for the tensions
afflicting the conventional ΛCDM model based on GR. Thus, we assume that we can measure the
cosmological value of the gravity strength in BD theory – i.e. the value given in Eq. (5.10) – by
using only cosmological data. We combine the information from the LSS processes involving linear
structure formation with the background information obtained from low, intermediate, and very
high redshift probes, including BAO, CMB, and the distance ladder measurement ofH0. The values
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of ϕini and ωBD are fitted to the data, and with them we obtain not only ϕ(z = 0) but we determine
the effective cosmological gravity strength at all epochs from (5.10). The cosmological value of the
gravity coupling can be considered as the ‘naked’ or ‘bare’ value of the gravitational interaction,
stripped from screening effects of matter, in the same way as ωBD measured at cosmological scales
is the bare value freed of these effects. Even though Geff can be different from GN , we do not
object to that since it can be ascribed to screening forces caused by the huge amounts of clustered
matter in the astrophysical environments. For this reason we do not adopt the local constraints
for our cosmological analysis presented in this paper, i.e. we adhere to Scenario II as our main
scenario. Remarkably enough, we shall see that Scenario III still possesses a large fraction of the
potentialities inherent to Scenario II, notwithstanding the Cassini bound. In this sense Scenarios
II and III are both extremely interesting. A smoking gun of such overarching possible picture is
the possible detection of the dynamical dark energy EoS encoded in the BD theory within the
GR-picture (cf. Sec. 4), which reveals itself in the form of effective quintessence, as well as through
the large smoothing achieved of the main tensions afflicting the conventional ΛCDM. From here
on, we present the bulk of our analysis and detailed results after we have already discussed to a
great extent their possible implications.
7 Data and methodology
We fit the BD-ΛCDM together with the concordance GR-ΛCDM model and the GR-XCDM (based
on the XCDM parametrization of the DE [151]) to the wealth of cosmological data compiled from
distant type Ia supernovae (SNIa), baryonic acoustic oscillations (BAO), a set of measurements of
the Hubble function at different redshifts, the Large-Scale Structure (LSS) formation data encoded
in f(zi)σ8(zi), and the CMB temperature and low-l polarization data from the Planck satellite.
The joint combination of all these individual datasets will constitute our Baseline Data config-
uration. Moreover, we also study the repercussion of some alternative data, by adding them to
the aforementioned baseline setup. These additional datasets are: a prior on the value of H0 (or
alternatively an effective calibration prior on M) provided by the SH0ES collaboration; the CMB
high-l polarization and lensing data from Planck; the Strong-Lensing (SL) time delay angular di-
ameter distances from H0LICOW; and, finally, Weak-Lensing (WL) data from KiDS. Below we
provide a brief description of the datasets employed in our analyses, together with the correspond-
ing references.
SNIa: We use the full Pantheon likelihood, which incorporates the information from 1048 SNIa
[152]. In addition, we also include the 207 SNIa from the DES survey [153]. These two SNIa
samples are uncorrelated, but the correlations between the points within each sample are non-null
and have been duly incorporated in our analyses through the corresponding covariance matrices.
BAO: We use data on both, isotropic and anisotropic BAO analyses. We provide the detailed list
of data points and corresponding references in Table 1. A few comments are in order about the
use of some of the BAO data points considered in this article. Regarding the Lyα-forest data, we
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opt to use the auto-correlation information from [154]. Excluding the Lyα cross-correlation data
allows us to avoid double counting issues between the latter and the eBOSS data from [155], due
to the partial (although small) overlap in the list of quasars employed in these two analyses. It is
also important to remark that we consider in our baseline dataset the BOSS data reported in [37],
which contains information from the spectrum (SP) and the bispectrum (BP). The bispectrum in-
formation could capture some details otherwise missed when only the spectrum is considered, so it
is worth to use it11. Therefore, we study the possible significance of the bispectrum component in
the data by carrying out an explicit comparison of the results obtained with the baseline configura-
tion to those obtained by substituting the data points from [37] with those from [139], which only
incorporate the SP information. The results are provided in Tables 3 and 5, respectively. In Ta-
bles 4 and 6-8 we use the SP+BSP combination [37]. In Table 10 we employ both SP and SP+BSP.
Cosmic Chronometers: We use the 31 data points on H(zi), at different redshifts, from
[159–166]. All of them have been obtained making use of the differential age technique applied to
passively evolving galaxies [167], which provides cosmology-independent constraints on the Hubble
function, but are still subject to systematics coming from the choice of the stellar population syn-
thesis technique, and also the potential contamination of young stellar components in the quiescent
galaxies [168–170]. For this reason we consider a more conservative dataset that takes into account
these additional uncertainties. To be concrete, we use the processed sample presented in Table 2
of [171]. See therein for further details.
CMB: In our baseline dataset we consider the full Planck 2018 TT+lowE likelihood [3]. In order to
study the influence of the CMB high-l polarizations and lensing we consider two alternative (non-
baseline) datasets, in which we substitute the TT+lowE likelihood by: (i) the TTTEEE+lowE
likelihood, which incorporates the information of high multipole polarizations; (ii) the full TT-
TEEE+lowE+lensing likelihood, in which we also incorporate the Planck 2018 lensing data. In
Tables 6 and 7 these scenarios are denoted as B+H0+pol and B+H0+pol+lens, respectively.
LSS: In this paper the LSS dataset contains the data points on the product of the ordinary
growth rate f(zi) with σ8(zi) at different effective redshifts. They are all listed in Table 2, to-
gether with the references of interest. In order to correct the potential bias introduced by the
particular choice of a fiducial model in the original observational analyses we apply the rescaling
correction explained in [26]. See also Sec. II.2 of [27]. The internal correlations between the BAO
and RSD data from [37], [139] and [155] have been duly taken into account through the corre-
sponding covariance matrices provided in these three references.
Prior on H0: We include as a prior in almost all the non-baseline datasets the value of the
Hubble parameter measured by the SH0ES collaboration, H0 = (73.5 ± 1.4) km/s/Mpc [31]. It
is obtained with the cosmic distance ladder method using an improved calibration of the Cepheid
11See also Ref. [56] for additional comments on the significance of the bispectrum data as well as its potential
implications on the possible detection of dynamical dark energy.
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Survey z Observable Measurement References
6dFGS+SDSS MGS 0.122 DV (rs/rs,fid)[Mpc] 539± 17[Mpc] [156]
WiggleZ 0.44 DV (rs/rs,fid)[Mpc] 1716.4± 83.1[Mpc] [157]
0.60 DV (rs/rs,fid)[Mpc] 2220.8± 100.6[Mpc]
0.73 DV (rs/rs,fid)[Mpc] 2516.1± 86.1[Mpc]
DR12 BOSS (BSP) 0.32 Hrs/(10
3km/s) 11.549± 0.385 [37]
DA/rs 6.5986± 0.1337
0.57 Hrs/(10
3km/s) 14.021± 0.225
DA/rs 9.389± 0.1030
DR12 BOSS (SP) 0.38 DM (rs/rs,fid)[Mpc] 1518± 22 [139]
H(rs,fid/rs)[km/s/Mpc] 81.5± 1.9
0.51 DM (rs/rs,fid)[Mpc] 1977± 27
H(rs,fid/rs)[km/s/Mpc] 90.4± 1.9
0.61 DM (rs/rs,fid)[Mpc] 2283± 32
H(rs,fid/rs)[km/s/Mpc] 97.3± 2.1
DES 0.81 DA/rs 10.75± 0.43 [158]
eBOSS DR14 1.19 Hrs/(10
3km/s) 19.6782± 1.5867 [155]
DA/rs 12.6621± 0.9876
1.50 Hrs/(10
3km/s) 19.8637± 2.7187
DA/rs 12.4349± 1.0429
1.83 Hrs/(10
3km/s) 26.7928± 3.5632
DA/rs 13.1305± 1.0465
Lyα-F eBOSS DR14 2.34 DH/rs 8.86± 0.29 [154]
DM/rs 37.41± 1.86
Table 1: Published values of BAO data, see the quoted references and text in Sec. 7. Although we
include in this table the values of DH/rs = c/(rsH) and DM/rs for the Lyα-forest auto-correlation
data from [154], we have performed the fitting analysis with the full likelihood. The fiducial values
of the comoving sound horizon appearing in the table are rs,fid = 147.5 Mpc for [156], rs,fid = 148.6
Mpc for [157], and rs,fid = 147.78 Mpc for [139].
period-luminosity relation. It is based on distances obtained from detached eclipsing binaries lo-
cated in the Large Magellanic Cloud, masers in the galaxy NGC 4258 and Milky Way parallaxes.
This measurement is in 4.1σ tension with the value obtained by the Planck team under the TT-
TEEE+lowE+lensing dataset, and using the GR-ΛCDM model, H0 = (67.36±0.54) km/s/Mpc [3].
In only one alternative dataset we opt to use instead the SH0ES effective calibration prior on the
absolute magnitude M of the SNIa, as provided in [181]: M = −19.2191 ± 0.0405. This case is
denoted “M” in our tables. It is obtained from the calibration of ‘nearby’ SNIa (at z . 0.01) with
Cepheids [30]. It has been recently argued in [181, 182] (and later on also in [183, 184]) that in
cosmological studies it is better to use this SH0ES constraint rather than the direct prior on H0
when combined with low-redshift SNIa data to avoid double counting issues. We show that the
results obtained with these two methods are compatible and lead to completely consistent results
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Survey z f(z)σ8(z) References
6dFGS+2MTF 0.03 0.404+0.082−0.081 [172]
SDSS-DR7 0.10 0.376± 0.038 [173]
GAMA 0.18 0.29± 0.10 [174]
0.38 0.44± 0.06 [175]
DR12 BOSS (BSP) 0.32 0.427± 0.056 [37]
0.57 0.426± 0.029
WiggleZ 0.22 0.42± 0.07 [176]
0.41 0.45± 0.04
0.60 0.43± 0.04
0.78 0.38± 0.04
DR12 BOSS (SP) 0.38 0.497± 0.045 [139]
0.51 0.458± 0.038
0.61 0.436± 0.034
VIPERS 0.60 0.49± 0.12 [177]
0.86 0.46± 0.09
VVDS 0.77 0.49± 0.18 [178], [179]
FastSound 1.36 0.482± 0.116 [180]
eBOSS DR14 1.19 0.4736± 0.0992 [155]
1.50 0.3436± 0.1104
1.83 0.4998± 0.1111
Table 2: Published values of f(z)σ8(z), see the quoted references and text in Sec. 7.
(see the discussion in Sec. 8, and also Tables 3 and 6).
SL: In one of the non-baseline datasets we use in combination with the SH0ES prior on H0
the data extracted from the six gravitational lensed quasars of variable luminosity reported by
the H0LICOW team. They measure the time delay produced by the deflection of the light rays
due to the presence of an intervening lensing mass. After modeling the gravitational lens it is
possible to compute the so-called time delay distance D∆t (cf. [32] and references therein). As
explained in Sec. 3, the fact of being absolute distances (instead of relative, as in the SNIa and
BAO datasets) allows them to directly constrain the Hubble parameter in the context of the GR-
ΛCDM as follows: H0 = 73.3
+1.7
−1.8 km/s/Mpc . It turns out that for the three sources B1608+656,
RX51131-1231 and HE0435-1223, the posterior distribution of D∆t can be well approximated by
the analytical expression of the skewed log-normal distribution,
L(D∆t) = 1√
2pi(D∆t − λD)σD
exp
[
−(ln(D∆t − λD)− µD)
2
2σ2D
]
, (7.1)
where the corresponding values for the fitted parameters µD, σD and λD are reported in Table
3 of [32]. On the other hand, the former procedure cannot be applied to the three remaining
lenses, i.e. SDSS 1206+4332, WFI 2033-4723 and PG 1115+080. From the corresponding Markov
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chains provided by H0LICOW12 we have instead constructed the associated analytical posterior
distributions of the time delay angular diameter distances for each of them. Taking advantage of
the fact that the number of points in each bin is proportional to L(D∆t) evaluated at the average
D∆t for each bin, we can get the values for − ln(L/Lmax) and fit the output to obtain its analytical
expression as a function of D∆t. The fitting function can be as accurate as wanted, e.g. using a
polynomial of order as high as needed. The outcome of this procedure is used instead of (7.1) for
the three aforesaid lenses.
Interestingly, the non-detection of Strong-Lensing time delay variations can be used to put an
upper bound on G˙/G at the redshift and location of the lens [185]. These constraints, though,
cannot be applied to our model since we assume that the field is screened in these dense regions
(see Scenarios II and III in Sec. 6). Moreover, they are still too weak – G˙/G . 10−2 yr−1 [185] –
to have an impact on our results.
WL: The Kilo-Degree Survey (KiDS) has measured the Weak-Lensing statistical distortion of
angles and shapes of galaxy images caused by the presence of inhomogeneities in the low-redshift
universe [38–41]. The two-point correlation functions of these angle distortions are related to the
power spectrum of matter density fluctuations, and from it it is possible to obtain constraints on
the parameter combination S8 = σ8
√
Ωm/0.3. However, we have not included WL data in our
baseline setup. At the computational level, nonlinear effects for small angular scales are calculated
with the Halofit module [186], which only works fine for the GR-ΛCDM and minimal extensions
of it, as the aforementioned XCDM [151] and also for the CPL parametrization of the DE EoS
parameter [187,188]. Thus, it is not able to model accurately the potential low-scale particularities
of the BD-ΛCDM model. We have tried to remove these low angular scales from our analysis in
order to avoid the operation of Halofit, but in that case the loss of information is very big, and
S8 remains basically unconstrained. In Tables 6 and 7 we show the results obtained using the full
KiDS likelihood [38, 40] 13, i.e. including all the scales (also the small ones). The results, though,
should be interpreted with caution.
We study the performance of the BD-ΛCDM, GR-ΛCDM and GR-XCDM models under different
datasets. In the following we briefly summarize the composition of each of them:
• Baseline (B): Here we include the Planck 2018 TT+lowE CMB data, together with SNIa
+BAO+H(zi)+LSS (see Table 3 and 8). It is important to remark that for the BOSS
BAO+LSS data we consider [37], which includes the information from the spectrum (SP)
as well as from the bispectrum (BSP). We construct some other datasets using this baseline
configuration as the main building block. See the other items, below.
• Baseline+H0 (B+H0): Here we add the SH0ES prior on the H0 parameter from [31] to
the baseline dataset (see again Tables 3 and 8).
• Baseline+H0+SL: The inclusion of the Strong-Lensing (SL) data from [32] exacerbates
12http://shsuyu.github.io/H0LiCOW/site/
13See http://kids.strw.leidenuniv.nl/sciencedata.php for more details.
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more the H0-tension in the context of the GR-ΛCDM model (see e.g. [25] and Sec. 9), so
it is interesting to also study the ability of the BD-ΛCDM to fit the SL data when they
are combined with the previous B+H0 dataset, and compare the results with those obtained
with the GR-ΛCDM. The corresponding fitting results are displayed in Table 4.
• Spectrum: In this dataset we replace the SP+BSP data from [37] used in the Baseline
dataset (see the first item, above) by the data from [139], which only contains the spectrum
(SP) information (i.e. the usual matter power spectrum).
• Spectrum+H0: As in the preceding item, but including the H0 prior from SH0ES [31].
The aforementioned datasets are all based on the BD-Scenario II (cf. Sec. 6) and can be
considered as the main ones (cf. Tables 3-5, and 8), nevertheless we also consider a bunch of
alternative datasets (also based on the BD-Scenario II). We present the corresponding results
in Table 6 and the first five columns of Table 7 for the BD-Λ-CDM and GR-ΛCDM models,
respectively.
• B+M : In this scenario we replace the prior on H0 [31] employed in the B+H0 dataset with
the effective SH0ES calibration prior on the absolute magnitude of SNIa M provided in [181].
• B+H0+pol: Here we add the CMB high-l polarization data from Planck 2018 [3] to the
B+H0 dataset described before, i.e. we consider the Planck 2018 TTTEEE+lowE likelihood
for the CMB.
• B+H0+pol+lens: In addition to the datasets considered in the above case we also include
the CMB lensing data from Planck 2018 [3], i.e. we use the Planck 2018 TTTEEE+lowE+
lensing likelihood.
• B+H0+WL: In this alternative case we consider the Weak-Lensing (WL) data from KiDS
[38,40], together with the B+H0 dataset.
• CMB+BAO+SNIa: By considering only this data combination, we study the performance
of the the BD-ΛCDM and the GR-ΛCDM models under a more limited dataset, obtained
upon the removal of the data that trigger the H0 and σ8 tensions, i.e. the prior on H0
from SH0ES and the LSS data. The use of the BAO+SNIa data helps to break the strong
degeneracies found in parameter space when only the CMB is considered. Here we use the
TT+lowE Planck 2018 likelihood [3].
Finally, in Table 10 we present the results obtained for the BD-ΛCDM in the context of Scenario
III (see Sec. 6 for the details). The corresponding results for the GR-ΛCDM are shown in the
third column of Table 3, and the last three rows of Table 7. In all these datasets we include the
Cassini bound [125] (see Sec. 2 for details). The main purpose of this scenario is to test the ability
of the BD-ΛCDM to fit the observational data with BD ' 0 and ϕ 6= 1.
• B+H0+Cassini: It contains the very same datasets as in the Baseline+H0 case, but here
we also include the Cassini constraint.
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• B+H0+Cassini (No LSS): Here we study the impact of the LSS data in the context of
Scenario III, by removing them from the previous B+H0+Cassini dataset.
• Dataset [111]: To ease the comparison with the results obtained in [111], here we use exactly
the same dataset as in that reference, namely: the Planck 2018 TTTEEE+lowE+lensing
likelihood [3], the BAO data from [139, 189, 190], and the SH0ES prior from [30], H0 =
74.03± 1.42 km/s/Mpc.
• Dataset [111]+LSS: Here we consider an extension of the previous scenario by adding the
LSS data on top of the data from [111].
We believe that all the datasets and scenarios studied in this work cover a wide range of
possibilities and show in great detail which is the phenomenological performance of the BD-ΛCDM,
GR-ΛCDM and GR-XCDM models.
The speed of gravitational waves at z ≈ 0, cgw, has been recently constrained to be extremely
close to the speed of light, |cgw/c − 1| . 5 · 10−16 [191]. In the BD-ΛCDM model cgw = c ∀z,
so this constraint is automatically fulfilled, see Appendix C.6 and references [192, 193] for further
details. We have also checked that the BD-ΛCDM respects the bound on G(ϕ) at the Big Bang
Nucleosynthesis (BBN) epoch, |G(ϕBBN)/GN − 1| . 0.1 [194], since G(ϕBBN) ' G(ϕini) and our
best-fit values satisfy G(ϕini) > 0.9GN regardless of the dataset under consideration, see the fitting
results in Tables 3-6 and 10.
To obtain the posterior distributions and corresponding constraints for the various dataset
combinations described above we have run the Monte Carlo sampler Montepython14 [195] together
with the Einstein-Boltzmann system solver CLASS15 [129]. We have duly modified the latter to
implement the background and linear perturbations equations of the BD-ΛCDM model. We use
adiabatic initial conditions for all matter species. Let us note that the initial perturbation of
the BD-field and its time derivative can be set to zero, as the DM velocity divergence when the
synchronous gauge is employed, see Appendix C.5 for a brief discussion. To get the contour plots
and one-dimensional posterior distributions of the parameters entering the models we have used
the Python package GetDist16 [196], and to compute the full Bayesian evidences for the different
models and dataset combinations, we have employed the code MCEvidence17 [197]. The Deviance
Information Criterion (DIC) [198] has been computed with our own numerical code. The results
are displayed in Tables 3-10, and also in Figs. 9-11. They are discussed in the next section.
8 Numerical analysis. Results
In the following we put the models under consideration to the test, using the various datasets
described in Sec. 7. We perform the statistical analysis of the models in terms of a joint likelihood
function, which is the product of the individual likelihoods for each data source and includes the
14http://baudren.github.io/montepython.html
15http://lesgourg.github.io/class public/class.html
16https://getdist.readthedocs.io/en/latest/
17https://github.com/yabebalFantaye/MCEvidence
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Figure 9: The full Bayesian evidence curves for the BD-ΛCDM as compared to the GR-ΛCDM, using different datasets
and as a function of ∆X = ∆BD/10
−2 = ∆ϕini/0.2, with ∆BD and ∆ϕini being the (flat) prior ranges for BD and ϕini,
respectively. The curves are computed using the exact evidence formula, Eq. (8.2). The marked evidence ranges conform with
the conventional Jeffreys’ scale, see the main text in Sec. 8.
corresponding covariance matrices. For a fairer comparison with the GR-ΛCDM we use standard
information criteria in which the presence of extra parameters in a given model is conveniently
penalized so as to achieve a balanced comparison with the model having less parameters. More
concretely, we employ the full Bayesian evidence to duly quantify the fitting ability of the BD-
ΛCDM model as compared to its GR analogue. Given a dataset D, the probability of a certain
model Mi to be the best one among a given set of models {M} reads,
P (Mi|D) = P (Mi)E(D|Mi)
P (D) , (8.1)
where P (Mi) is the prior probability of the model Mi, P (D) the probability of having the dataset
D, and the normalization condition ∑j∈{M} P (Mj) = 1 is assumed. The quantity E(D|Mi) is the
so-called marginal likelihood or evidence [11]. If the model Mi has n parameters contained in the
vector pMi = (pMi1 , p
Mi
2 , ..., p
Mi
n ), the evidence takes the following form:
E(D|Mi) =
ˆ
L(D|pMi ,Mi)pi(pMi)dnpMi , (8.2)
with L(D|pMi ,Mi) the likelihood and pi(pMi) the prior of the parameters entering the model Mi.
The evidence is larger for those models that have more overlapping volume between the likelihood
and the prior distributions, but penalizes the use of additional parameters having a non-null impact
on the likelihood. Hence, the evidence constitutes a good way of quantifying the performance of
the model by implementing in practice the Occam razor principle. We can compare the fitting
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Baseline Baseline+H0
Parameter GR-ΛCDM BD-ΛCDM GR-ΛCDM BD-ΛCDM
H0 (km/s/Mpc) 68.20
+0.41
−0.40 68.86
+1.15
−1.24 68.57
+0.36
−0.42 70.83
+0.92
−0.95
ωb 0.02227
+0.00019
−0.00018 0.02251
+0.00026
−0.00027 0.02238± 0.00019 0.02275+0.00024−0.00026
ωcdm 0.11763
+0.00090
−0.00092 0.11598
+0.00159
−0.00152 0.11699
+0.00092
−0.00083 0.11574
+0.00164
−0.00158
τ 0.050+0.004−0.008 0.052
+0.006
−0.008 0.051
+0.005
−0.008 0.053
+0.006
−0.008
ns 0.9683
+0.0039
−0.0038 0.9775
+0.0084
−0.0086 0.9703
+0.0038
−0.0036 0.9873
+0.0076
−0.0075
σ8 0.797
+0.005
−0.006 0.785± 0.013 0.796+0.006−0.007 0.789± 0.013
rs (Mpc) 147.83
+0.29
−0.30 145.89
+2.26
−2.49 147.88± 0.31 142.46+1.84−1.86
BD - −0.00184+0.00140−0.00142 - −0.00199+0.00142−0.00147
ϕini - 0.974+0.027−0.031 - 0.932
+0.022
−0.023
ϕ(0) - 0.960+0.032−0.037 - 0.918
+0.027
−0.029
weff(0) - −0.983+0.015−0.014 - −0.966+0.012−0.011
G˙(0)/G(0)(10−13yr−1) - 2.022+1.585−1.518 - 2.256
+1.658
−1.621
χ2min 2271.98 2271.82 2285.50 2276.04
2 lnB - -2.26 - +4.92
∆DIC - -0.54 - +4.90
Table 3: The mean fit values and 68.3% confidence limits for the considered models using our baseline dataset in the first
block, i.e. SNIa+H(z)+BAO+LSS+CMB TT data, and baseline+H0 in the second one (cf. Sec. 7 for details). These results
have been obtained within our main BD scenario (Scenario II of Sec. 6). In all cases a massive neutrino of 0.06 eV has been
included. First we display the fitting results for the six conventional parameters, namely: H0, the reduced density parameters
for baryons (ωb = Ωbh
2) and CDM (ωcdm = Ωcdmh
2), the reionization optical depth τ , the spectral index ns of the primordial
power-law power spectrum, and, for convenience, instead of the amplitude As of such spectrum we list the values of σ8. We
also include the sound horizon at the baryon drag epoch, rs, obtained as a derived parameter. Right after we list the values
of the free parameters that characterize the BD model: BD (2.10) and the initial condition for the BD-field, ϕini. We also
include the values of the BD-field, the (exact) effective EoS parameter (4.12), and the ratio between the derivative and the
value of Newton’s coupling, all computed at z = 0. Finally, we report the values of the minimum of the χ2-function, χ2min,
the exact Bayes ratios (computed under the conditions explained in the main text of Sec. 8), and the DIC. It is also worth to
remark that the baseline dataset employed here includes the contribution not only of the spectrum, but also the bispectrum
information from BOSS [37], see Sec. 7 for details.
performance of BD-ΛCDM and GR-ΛCDM models by assuming equal prior probability for both
of them, i.e. P (BD−ΛCDM) = P (GR−ΛCDM) (“Principle of Insufficient Reason”). The ratio
of their associated probabilities can then be directly written as the ratio of their corresponding
evidences, i.e.
P (BD−ΛCDM|D)
P (GR−ΛCDM|D) =
E(D|BD−ΛCDM)
E(D|GR−ΛCDM) ≡ B , (8.3)
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Baseline+H0+SL
Parameter GR-ΛCDM BD-ΛCDM
H0 (km/s/Mpc) 68.74
+0.37
−0.40 71.30
+0.80
−0.84
ωb 0.02242
+0.00018
−0.00019 0.02281± 0.00025
ωcdm 0.11666
+0.00087
−0.00086 0.11560
+0.00158
−0.00169
τ 0.051+0.005−0.008 0.053
+0.006
−0.008
ns 0.9708
+0.0036
−0.0038 0.9901
+0.0075
−0.0070
σ8 0.795
+0.006
−0.007 0.789± 0.013
rs (Mpc) 147.93
+0.30
−0.31 141.68
+1.69
−1.73
BD - −0.00208+0.00151−0.00140
ϕini - 0.923
+0.019
−0.021
ϕ(0) - 0.908+0.026−0.028
weff(0) - −0.962± 0.011
G˙(0)/G(0)(10−13yr−1) - 2.375+1.612−1.721
χ2min 2320.40 2305.80
2 lnB - +9.22
∆DIC - +9.15
Table 4: Fitting results as in Table 3, but adding the Strong-Lensing data, i.e. we use here the dataset Baseline+H0+SL,
for both the GR-ΛCDM and the BD-ΛCDM.
where B is the so-called Bayes ratio (or Bayes factor) and is the quantity we are interested in.
Notice that when B > 1 this means that data prefer the BD-ΛCDM model over the GR version,
but of course depending on how much larger than 1 it is we will have different levels of statistical
significance for such preference. It is common to adopt in the literature the so-called Jeffreys’ scale
to categorize the level of evidence that one can infer from the computed value of the Bayes ratio.
Jeffrey’s scale actually is usually written not directly in terms of B, but in terms of 2 lnB. The
latter is sometimes estimated with a simple Schwarz (or Bayesian) information criterion ∆BIC [199,
200], although 2 lnB is a much more rigorous, sophisticated (and difficult to compute) statistics
than just the usual ∆BIC estimates based on using the minimum value of χ2, the number of points
and the number of independent fitting parameters. If 2 lnB lies below 2 in absolute value, then we
can conclude that the evidence in favor of BD-ΛCDM (against GR-ΛCDM) is at most only weak,
and in all cases not conclusive; if 2 < 2 lnB < 6 the evidence is said to be positive; if, instead,
6 < 2 lnB < 10, then it is considered to be strong, whereas if 2 lnB > 10 one is entitled to speak
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Spectrum Spectrum+H0
Parameter GR-ΛCDM BD-ΛCDM GR-ΛCDM BD-ΛCDM
H0 (km/s/Mpc) 68.00
+0.47
−0.48 68.86
+1.27
−1.34 68.61
+0.46
−0.49 70.94
+1.00
−0.98
ωb 0.02223
+0.00020
−0.00021 0.02241± 0.00027 0.02239+0.00020−0.00019 0.02264+0.00026−0.00025
ωcdm 0.11809
+0.00112
−0.00095 0.11743
+0.00168
−0.00170 0.11695± 0.00104 0.11702+0.00169−0.00167
τ 0.051+0.005−0.008 0.053
+0.006
−0.008 0.053
+0.006
−0.008 0.054
+0.007
−0.008
ns 0.9673
+0.0039
−0.0044 0.9742
+0.0086
−0.0090 0.9705
+0.0040
−0.0041 0.9845
+0.0076
−0.0077
σ8 0.800
+0.006
−0.007 0.798± 0.014 0.798± 0.007 0.801+0.015−0.014
rs (Mpc) 147.75
+0.31
−0.35 145.82
+2.33
−2.52 147.88
+0.33
−0.32 142.55
+1.71
−1.96
BD - −0.00079+0.00158−0.00157 - −0.00081+0.00162−0.00165
ϕini - 0.976+0.028−0.032 - 0.935
+0.020
−0.024
ϕ(0) - 0.970+0.034−0.038 - 0.929
+0.028
−0.030
weff(0) - −0.987+0.016−0.014 - −0.971+0.013−0.011
G˙(0)/G(0)(10−13yr−1) - 0.864+1.711−1.734 - 0.913
+1.895
−1.791
χ2min 2269.04 2268.28 2283.66 2274.64
2 lnB - −2.94 - +3.98
∆DIC - −3.36 - +4.76
Table 5: As in Table 3, but replacing the BOSS BAO+LSS data from [37] with those from [139], which only includes the
spectrum information. See the discussion of the results in Sec. 8.
of very strong evidence in favor of the BD-ΛCDM over the GR-ΛCDM model. For more technical
details related with the evidence and the Bayes ratio we refer the reader to [11, 200, 201]. Notice
that the computation of (8.3) is not easy in general; in fact, it can be rather cumbersome since
we usually work with models with a high number of parameters, so the multiple integrals that
we need to compute become quite demanding from the computational point of view. We have
calculated the evidences numerically, of course, processing the Markov chains obtained from the
Monte Carlo analyses carried out with CLASS+MontePython [129, 195] with the numerical code
MCEvidence [197], which is publicly available (cf. Sec. 7). We report the values obtained for 2 lnB
(8.3) in Tables 3-6, 8, and 10. Table 3 contains the fitting results for the BD- and GR−ΛCDM
models obtained with the Baseline and Baseline+H0 datasets. In Table 4 we present the results
for the Baseline+H0+SL dataset. In Table 5 we show the output of the fitting analysis for the
same models and using the same data as in Table 3, but changing the BOSS data from [37], which
contain both the mater spectrum and bispectrum information, by the BOSS data from [139], which
only incorporate the spectrum part (i.e. the usual matter power spectrum). In Table 6 we plug
the results obtained for the BD-ΛCDM with the alternative datasets described in Sec. 7, and
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Datasets H0 ωm σ8 rs (Mpc) BD · 103 weff(0) 2 lnB
B+M 71.19+0.92−1.02 0.1390
+0.0014
−0.0015 0.788
+0.012
−0.013 141.87
+2.06
−1.81 −2.16+1.42−1.36 −0.963+0.012−0.011 +10.38
B+H0+pol 69.85
+0.81
−0.85 0.1409
+0.0012
−0.0011 0.801± 0.011 144.72+1.51−1.83 −0.30+1.20−1.23 −0.985+0.012−0.009 −1.44
B+H0+pol+lens 69.74
+0.82
−0.77 0.1416
+0.0011
−0.0010 0.808± 0.009 144.66+1.56−1.61 0.00+1.11−1.07 −0.986± 0.010 −1.98
B+H0+WL 70.69
+0.91
−0.90 0.1398
+0.0015
−0.0013 0.794
+0.011
−0.012 142.76
+1.79
−1.86 −1.42+1.29−1.37 −0.970+0.011−0.010 +4.34
CMB+BAO+SNIa 68.63+1.44−1.50 0.1425± 0.0019 0.818+0.017−0.018 146.62+2.92−2.93 1.14+1.84−1.68 −0.999+0.020−0.017 −3.00
Table 6: Fitting results for the BD-ΛCDM model obtained with some alternative datasets and in all cases within the main
BD Scenario II. Due to the lack of space, we employ some abbreviations, namely: B for the Baseline dataset described in Sec.
7; pol for the Planck 2018 (TE+EE) high-l polarization data; and lens for the CMB lensing. The ωm parameter contains the
contribution of baryons and dark matter. In the last row, CMB refers to the TT+lowE Planck 2018 likelihood (cf. Sec. 7 for
details on the data). H0 is given in km/s/Mpc. For a discussion of the results, see Sec. 8.
in Table 7 we show the corresponding results for the GR-ΛCDM. Next, in Table 8 we present
the results with the Baseline and Baseline+H0 data configurations obtained using the GR-XCDM
parametrization. In Table 9 we display the values of the parameters σ8 and S8 for the GR- and
BD-ΛCDM models, as well as the parameter S˜8 = S8/
√
ϕ(0) for the BD. Finally, in Table 10 we
present the fitting results for the BD-ΛCDM model, considering the Scenario III described in Sec.
6.
The evidence (8.2) clearly depends on the priors for the parameters entering the model. For
the 6 parameters in common in the BD- and GR-ΛCDM models, namely, (ωb = Ωbh
2, ωcdm =
Ωcdmh
2, H0, τ, As, ns), if we use the same flat priors in both models they cancel exactly in the
computation of the Bayes ratio (8.3). Thus, the latter does not depend on the priors for these
parameters if their ranges are big enough so as to not alter the shape of the likelihood severely.
The Bayes ratio is, though, sensitive to the priors for the two additional parameters introduced in
the BD-ΛCDM model in our Scenario II (cf. Sec. 6), i.e. ϕini and BD, since they are not canceled
in (8.3). We study the dependence of the evidence on these priors in Fig. 9, where we plot 2 lnB
obtained for the BD-ΛCDM model from different datasets, and as a function of a quantity that
we call ∆X , defined as
∆X ≡ ∆BD
10−2
=
∆ϕini
0.2
, (8.4)
with ∆BD and ∆ϕini being the flat prior ranges of BD and ϕini, centered at BD = 0 and ϕini = 1,
respectively. ∆X will be equal to one when ∆BD = 10
−2 and ∆ϕini = 0.2, which are natural
values for these prior ranges. The former implies ωBD > 100 and the latter could be associated to
the range 0.9 < ϕini < 1.1. We do not expect ωBD . 100 since this would imply an exceedingly
large departure from GR, even at cosmological scales, where this lower bound was already set using
the first releases of WMAP CMB data almost twenty years ago, see e.g. [202,203]. Regarding the
prior range 0.9 < ϕini < 1.1, it is also quite natural, since this is necessary to satisfy the BBN
bounds [194]. In all tables we report the values of 2 lnB obtained by setting the natural value
∆X = 1, and in Fig. 9, as mentioned before, we also show how this quantity changes with the prior
width, in terms of the variable ∆X (8.4).
In the Scenario III (cf. again Sec. 6), we also allow variations of ϕini and BD in our Monte
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Datasets H0 ωm σ8 rs (Mpc)
B+M 68.64+0.39−0.38 0.1398± 0.0009 0.796+0.005−0.006 147.87+0.29−0.30
B+H0+pol 68.50
+0.33
−0.36 0.1408
+0.0007
−0.0008 0.799± 0.006 147.53± 0.022
B+H0+pol+lens 68.38
+0.35
−0.33 0.1411± 0.0007 0.803± 0.006 147.44+0.22−0.21
B+H0+WL 68.64± 0.37 0.1399+0.0008−0.0009 0.795+0.005−0.007 147.89+0.31−0.29
CMB+BAO+SNIa 67.91+0.39−0.41 0.1413± 0.0009 0.805+0.006−0.007 147.66+0.31−0.29
B+H0 (No LSS) 68.38
+0.42
−0.37 0.1405± 0.0009 0.802+0.007−0.008 147.76± 0.30
Dataset [111] 68.17+0.43−0.44 0.1416± 0.0009 0.810+0.006−0.007 147.35+0.22−0.24
Dataset [111] + LSS (SP) 68.36± 0.42 0.1412± 0.0009 0.806± 0.006 147.43±0.23
Table 7: Different fitting results for the GR-ΛCDM model. The first five rows correspond to the different non-baseline
datasets explored for the BD-ΛCDM in Table 6. The last three rows correspond to other scenarios tested with the BD-ΛCDM
model in Table 10, see Sec. 9 for more details. H0 is given in km/s/Mpc.
Carlo runs, of course, but the natural prior range for BD is now much smaller than in Scenario
II, since now we expect it to be more constrained by the local observations. It is more natural to
take in this case a prior range ∆BD = 5 ·10−5 (still larger than Cassini’s bound), and this is what
we do in all the analyses of this scenario. See the comments in Sec. 9, and Table 10.
In Tables 3-5 apart from the Bayes ratio, we also include the Deviance Information Criterion
[198], which is strictly speaking an approximation of the exact Bayesian approach that works fine
when the posterior distributions are sufficiently Gaussian. The DIC is defined as
DIC = χ2(θˆ) + 2pD . (8.5)
Here pD = χ2 − χ2(θˆ) is the effective number of parameters of the model and χ2 the mean of the
overall χ2 distribution. DIC is particularly suitable for us, since we can easily compute all the
quantities involved directly from the Markov chains generated with MontePython. To compare
the ability of the BD- and GR-ΛCDM models to fit the data, one has to compute the respective
differences of DIC values between the first and second models. They are denoted ∆DIC in our
tables, and this quantity is the analogous to 2 lnB.
8.1 Comparing with the XCDM parametrization
As mentioned, in our numerical analysis of the data we also wish to consider the effect of a simple
but powerful DDE parametrization, which is the traditional XCDM [151]. In this very simple
framework, the DE is self-conserved and is associated to some specified entity or fluid (called
X) which exists together with ordinary baryonic and cold dark matter, but it does not have
any interaction with them. The energy density of X is simply given by ρX(a) = ρX0a
−3(1+w0),
ρX0 = ρΛ being the current DE density value and w0 the (constant) EoS parameter of such fluid.
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More complex parametrizations of the EoS can be considered, for instance the CPL one [187,188],
in which there is a time evolution of the EoS itself. However, we have previously shown its
incapability to improve the XCDM in solving the two tensions, see [56]. Thus, in this work we
prefer to stay as closer as possible to the standard cosmological model and we will limit ourselves
to analyze the XCDM only. By setting w0 = −1 we retrieve the ΛCDM model with constant ρΛ.
For w0 & −1 the XCDM mimics quintessence, whereas for w0 . −1 it mimics phantom DE. The
fitting results generated from the XCDM on our datasets are used in our analysis as a figure of
merit or benchmark to compare with the corresponding fitting efficiency of both the BD-ΛCDM
and the GR-ΛCDM models. In the next section, we comment on the comparison.
9 Discussion and conclusions
In this work, we have dealt with Brans-Dicke (BD) theory in extenso. Our main goal was to
assess if BD-gravity can help to smooth out the main two tensions besetting the usual concordance
ΛCDM model (based on GR): i) the H0-tension (the most acute existing discordance at present),
and ii) the σ8-tension, which despite not being so sharp it often occurs that the (many) models in
the market dealing with the former tend to seriously aggravate the latter. As we have explained
in the Introduction, the ‘golden rule’ to be preserved by the tension solver should be to find a
clue on how to tackle the main discrepancy (on the local H0 parameter) while at the same time
to curb the σ8 one, or at least not to worsen it. We have found that BD-gravity could be a key
paradigm capable of such achievement. Specifically, we have considered the original BD model
with the only addition of a cosmological constant (CC), and we have performed a comprehensive
analysis in the light of a rich and updated set of observations. These involve a large variety of
experimental inputs of various kinds, such as the long chain SNIa+H(z)+BAO+LSS+CMB of
data sources, which we have considered at different levels and combinations; and tested with the
inclusion of other potentially important factors such as the influence of the bispectrum component
in the structure formation data (apart from the ordinary power spectrum); and also assessed the
impact of gravitational lensing data of different sorts (Weak and Strong-Lensing).
Although BD-gravity is fundamentally different from GR, we have found very useful to try
to pick out possible measurable signs of the new gravitational paradigm by considering the two
frameworks in the (spatially flat) FLRW metric and compare the versions of the ΛCDM model
resulting in each case, which we have called BD-ΛCDM and GR-ΛCDM, respectively. We have
parametrized the departure of the former from the latter at the background level (cf. Sec. 4) and we
have seen that BD-ΛCDM can appear in the form of a dynamical dark energy (DDE) version of the
GR-ΛCDM, in which the vacuum energy density is evolving through a non-trivial EoS (cf. Fig. 8).
We have called it the ‘GR-picture’ of the BD theory. The resulting effective behavior is ΛCDM-like
with, however, a mild time-evolving quasi-vacuum component. In fact, such behavior is not ‘pure
vacuum’ – which is why we call it quasi-vacuum – despite of the fact that the original BD-ΛCDM
theory possesses a rigid cosmological constant. Specifically, using the numerical fitting results of
our analysis we find that such EoS shows up in effective quintessence-like form at more than 3σ c.l.
(this is perfectly appreciable at naked eye in Fig. 8). Our fit to the data demonstrates that such
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GR-XCDM
Parameter Baseline Baseline+H0
H0 (km/s/Mpc) 67.34
+0.63
−0.66 68.40
+0.60
−0.62
ωb 0.02235
+0.00021
−0.00020 0.02239
+0.00019
−0.00020
ωcdm 0.11649
+0.00108
−0.00111 0.11671
+0.00117
−0.00109
τ 0.053+0.006−0.008 0.051
+0.005
−0.008
ns 0.9709± 0.0043 0.9707+0.0042−0.0043
σ8 0.782
+0.011
−0.010 0.792± 0.011
rs (Mpc) 148.05
+0.32
−0.34 147.95
+0.33
−0.34
w0 −0.956± 0.026 −0.991+0.026−0.024
χ2min 2269.88 2285.22
2 lnB −2.23 −5.21
Table 8: As in Table 3, but for the XCDM parametrization (within GR). Motivated by previous works (see e.g. [56]), we
have used the (flat) prior −1.1 < w0 < −0.9.
an effective representation of BD-gravity can be competitive with the concordance model with a
rigid Λ-term. It may actually create the fiction that the DE is dynamical when viewed within the
GR framework, whilst it is just a rigid CC in the underlying BD action. The practical outcome
is that the BD approach with a CC definitely helps to smooth out some of the tensions afflicting
the ΛCDM in a manner very similar to the Running Vacuum Model, see e.g. [66–70,72], and this
success might ultimately reveal the signs of the BD theory. We conclude that finding traces of
vacuum dynamics, accompanied with apparent deviations from the standard matter conservation
law [204] could be the ‘smoking gun’ pointing to the possibility that the gravity theory sitting
behind these effects is not GR but BD.
Our analysis of the BD theory with a CC, taken at face value, suggests that the reason for
the enhancement of H0 in the BD model is because the effective gravitational coupling acting at
cosmological scales, Geff ∼ GN/ϕ, is higher than the one measured on Earth (see Fig. 4). This
possibility allows the best-fit current energy densities of all the species to remain compatible at
. 1σ c.l. with the ones obtained in the GR-ΛCDM model (cf. e.g. Tables 3-5). Thus, since ϕ < 1
we find that the increase of the Hubble parameter is basically due to the increase of the effective
G, and there is no need for a strong modification of the energy densities of the various species
filling the universe. This is a welcome feature since the measurable cosmological mass parameter
in the BD-ΛCDM model is, for sufficiently small BD, not the usual Ωm, but precisely the tilded
one, related to it through Ω˜m = Ωm/ϕ. The latter is about ∼ 8 − 9% bigger than its standard
model counterpart (Ω˜m > Ωm) as it follows from Fig. 4, where we can read off the current value
ϕ(z = 0) ' 0.918. Now, because at the background level it is possible to write an approximate
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Scenarios σ8(GR) σ8(BD) S8(GR) S8(BD) S˜8(BD)
Baseline 0.797+0.005−0.006 0.785± 0.013 0.800+0.010−0.011 0.777+0.019−0.020 0.793± 0.012
Baseline+H0 0.796
+0.006
−0.007 0.789± 0.013 0.793+0.011−0.010 0.758± 0.018 0.792± 0.013
Baseline+H0+SL 0.795
+0.006
−0.007 0.789± 0.013 0.789+0.011−0.010 0.753+0.017−0.018 0.791+0.012−0.013
Spectrum 0.800+0.006−0.007 0.798± 0.014 0.807± 0.013 0.793+0.021−0.022 0.805± 0.014
Spectrum+H0 0.798± 0.007 0.801+0.015−0.014 0.794+0.012−0.013 0.773+0.019−0.021 0.802+0.013−0.014
Table 9: Fitted values for the σ8(M) (here M stands for GR or BD) obtained under different dataset configurations. We also
include the derived values of S8(M) = σ8
√
Ωm/0.3 and the renormalized S˜8 = σ8
√
Ω˜m/0.3, with Ω˜m defined as in Sec. 3.1.
These results correspond to the main Scenario II of the BD-ΛCDM model.
Friedmann’s equation (3.3) in terms of the tilded parameters, these are indeed the ones that are
actually measured from SNIa and BAO observations in the BD context18. The differences, however,
as we have just pointed out, are not to be attributed to a change in the physical energy content
of matter but to the fact that ϕ < 1 throughout the entire cosmic history, as clearly shown in
Fig. 4. Obviously, the measurement of the parameters Ω˜i can be performed through the very
same data and procedures well accounted for in the context of the GR-ΛCDM framework. This
explanation is perfectly consistent with the fact that when the Friedmann’s law is expressed in
terms of the effetive G, as indicated in Eq. (3.1), the local value of the Hubble parameter H0
becomes bigger owing to Geff = GN/ϕ being bigger than GN . Thus, when we compare the early
and local measurements of H0 we do not meet any anomaly in this approach.
We also recall at this point that there is no correction from ωBD on the effective coupling Geff ,
Eq. (5.10), in the local domain. This is because in our context ωBD appears as being very large
owing to the assumed screening of the BD-field caused by the clustered matter (cf. Sec. 6). From
Fig. 4 and Table 3 we find that the BD model leads to a value of H0 a factor G
1/2
eff (z = 0) ∼
G
1/2
N /ϕ
1/2(z = 0) = 1/
√
0.918, i.e. ∼ 4.5%, bigger than the one inferred from the CMB in the
GR-ΛCDM model, in which Geff = GN (∀z). It is reassuring to realize that such a ‘renormalization
factor’ can enhance the low Planck 2018 CMB measurement of the Hubble parameter (viz. H0 =
67.4± 0.5 km/s/Mpc [3]) up to the range of 70− 71km/s/Mpc (cf. e.g. Tables 3-6), hence much
closer to the local measurements. For example, SH0ES yields H0 = (73.5 ± 1.4) km/s/Mpc [31];
and when the latter is combined with Strong-Lensing data from the H0LICOW collab. [32] it leads
to H0 = (73.42 ± 1.09) km/s/Mpc. This combined value is 5σ at odds with the Planck 2018
measurement, a serious tension.
On the other hand, if we compare e.g. the fitting value predicted within the BD-ΛCDM model
from Table 3 (namely H0 = 70.83
+0.92
−0.95 km/s/Mpc) with the aforementioned SH0ES determination,
we can see that the difference is of only 1.58σ. If we next compare our fitting result from Table 4
(H0 = 71.30
+0.80
−0.84 km/s/Mpc), which incorporates the H0LICOW Strong-Lensing data in the fit as
18Recall that for BD 6= 0 the tilded parameters Ω˜i (which were originally defined for BD = 0) receive a correction
and become the hatted parameters Ωˆi introduced in Eq. (3.24). However, the difference between them is of O(BD),
see Eq. (3.25), and since |BD| ∼ O(10−3) it can be ignored.
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BD-ΛCDM (Scenario III: includes Cassini bound)
Parameter B+H0 (No LSS) B+H0 Dataset [111] Dataset [111] + LSS (SP)
H0 (km/s/Mpc) 70.99
+0.94
−0.97 70.80
+0.81
−0.91 70.01
+0.86
−0.92 70.03
+0.90
−0.88
ωb 0.02257± 0.00021 0.02256+0.00019−0.00020 0.02271± 0.00016 0.02272+0.00015−0.00016
ωcdm 0.11839
+0.00093
−0.00094 0.11748± 0.00089 0.11885+0.00092−0.00095 0.11827+0.00089−0.00093
τ 0.057+0.007−0.008 0.050
+0.004
−0.008 0.061
+0.007
−0.008 0.058
+0.006
−0.008
ns 0.9824
+0.0057
−0.0058 0.9811
+0.0051
−0.0052 0.9783
+0.0052
−0.0059 0.9701
+0.0056
−0.0054
σ8 0.815
+0.008
−0.009 0.804
+0.006
−0.007 0.817± 0.007 0.812+0.006−0.007
rs (Mpc) 142.14
+1.91
−1.72 143.31
+1.72
−1.63 143.58
+1.62
−1.55 144.10
+1.62
−1.52
BD −0.00002± 0.00002 −0.00002± 0.00002 −0.00002± 0.00002 −0.00002± 0.00002
ϕini 0.933± 0.021 0.944± 0.020 0.955+0.018−0.019 0.960+0.020−0.018
ϕ(0) 0.933+0.020−0.021 0.944
+0.019
−0.020 0.955
+0.018
−0.019 0.960
+0.020
−0.017
weff(0) −0.972± 0.009 −0.977± 0.008 −0.981+0.008−0.007 −0.983± 0.008
G˙(0)/G(0)(10−13yr−1) 0.025+0.025−0.026 0.026
+0.027
−0.028 0.023
+0.026
−0.027 0.020± 0.026
χ2min 2256.14 2278.34 2797.44 2812.68
2 lnB +9.03 +5.21 +3.45 +2.21
Table 10: Fitting results for the BD-ΛCDM, in the context of the BD-Scenario III explained in Sec. 6 under different
datasets. As characteristic of Scenario III, in all of these datasets the Cassini constraint on the post-Newtonian parameter
γPN has been imposed [125]. In the first two fitting columns we use the Baseline+H0 dataset described in Sec. 7. However,
we exclude the LSS data in the first column while it is kept in the second. In the third and fourth fitting columns we report
on the results obtained using the very same dataset as in Ref. [111], just to ease the comparison between the BD-ΛCDM and
the variable G model studied in that reference (cf. their Table 1). This dataset includes the Planck 2018 TTTEEE+lensing
likelihood [3], BAO data from [139, 189, 190] and the SH0ES prior from [30]. In the last fitting column, however, we add the
LSS data to the previous set but with no bispectrum (cf. Table 2 and Sec. 7). The corresponding results for the GR-ΛCDM
can be found in Tables 3 and 7.
well, with the combined SH0ES and H0LICOW result (viz. the one which is in 5σ tension with the
CMB value) we obtain once more an inconspicuous tension of only 1.55σ. In either case it is far
away from any perturbing discrepancy. In fact, no discrepancy which is not reaching a significance
of at least 3σ can be considered sufficiently worrisome.
Furthermore, the smoothing of the tension applies to the σ8 parameter as well, with the result
that it essentially disappears within a similar level of inconspicuousness. In fact, values such as
σ8 = 0.789± 0.013 and S˜8 = 0.792± 0.013 (obtained within the Baseline+H0 dataset, see Table 9)
are in good agreement with weak gravitational lensing observations derived from shear data (cf.
the WL data block mentioned in Sec. 7). Let us take the value by Joudaki et al. 2018 of the
combined observable S8 = 0.742± 0.035, for example, obtained by KiDS-450, 2dFLenS and BOSS
collaborations from a joint analysis of weak gravitational lensing tomography and overlapping
redshift-space galaxy clustering [39]. These observations can be compared with our prediction for
S8 = σ8
√
Ωm/0.3 and with the ‘renormalized’ form of that quantity within the BD-ΛCDM model,
namely S˜8 = σ8
√
Ω˜m/0.3, which depends on the modified cosmological parameter Ω˜m, which is
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Figure 10: Triangular matrix containing the two-dimensional marginalized distributions for some relevant combinations
of parameters in the BD-ΛCDM model (at 1σ and 2σ c.l.), together with the corresponding one-dimensional marginalized
likelihoods for each of them. H0 is expressed in km/s/Mpc, and rs in Mpc. See Tables 3 and 4 for the numerical fitting results.
slightly higher, recall our Eq. (3.4)19. Both S8 and S˜8 are displayed together in Table 9 for the main
scenarios, also in company with σ8 values for the GR and BD models. Differences of the mentioned
experimental measurements with respect to e.g. our prediction for the Baseline+H0 dataset, are
at the level of 0.5σ − 1.3σ depending on whether we use S8 or S˜8, whence statistically irrelevant
in any case. More details can be appraised on some of these observables and their correlation with
19Although we could use the hatted parameter Sˆ8 = σ8
√
Ωˆm/0.3, instead of S˜8, we have already pointed out that
the difference between Ωˆm and Ω˜m is negligible for |BD| ∼ O(10−3), and so is between Sˆ8 and S˜8.
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Figure 11: Constraints obtained for σ8 and S˜8 versus H0 (in km/s/Mpc) from the fitting analyses of the GR- and BD-
ΛCDM models, and the GR-XCDM parametrization. We show both, the contour lines in the corresponding planes of parameter
space, and the associated marginalized one-dimensional posteriors. The centering of the parameters in the ranges σ8 < 0.80
and H0 & 71 km/s/Mpc is a clear sign of the smoothening of the σ8-tension and, more conspicuously, of the H0 one within
the BD-ΛCDM model. We can also see that while a simple XCDM parametrization for the DE can help to diminish σ8 as
compared to the concordance model, it is however unable to improve the H0 tension, which is kept at a similar level as within
the concordance model.
H0 in Figs. 10 and 11, on which we shall further comment later on.
We have also tested the performance of the BD- and GR-ΛCDM models when we include the
CMB high-l (TE+EE) polarization data from Planck 2018, with and without the CMB lensing,
in combination with the baseline dataset and the SH0ES prior on H0 (cf. Tables 6 and 7). The
values of the Hubble parameter in these cases are a little bit lower than when we consider only
the temperature and low-l polarization (TT+lowE) CMB data, but the tension is nevertheless
significantly reduced, being now of only ∼ 2.2σ c.l., whereas in the GR-ΛCDM model it is kept at
the ∼ 3.5σ level. The values of σ8 are still low, ∼ 0.80 − 0.81. The information criteria in these
cases, though, have no preference for any of the two models, they are not conclusive.
We also examine the results that are obtained when we do not include in our fitting analyses
any of the data sources that trigger the tensions. We consider here the CMB, BAO and SNIa
datasets (denoted as CMB+BAO+SNIa in Tables 6 and 7), but exclude the use of the SH0ES
prior on H0 and the LSS data. As expected, the evidence for the BD model decreases since now we
do not give to it the chance of showing its power. Even though the description of the data improves,
it is not enough to compensate for the penalty received owing to the use of the two additional
parameters (BD, ϕini), and in this case we read 2 lnB = −3.00 (from Table 6). Thus, there is
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here a marginal preference for the GR scenario, but as previously mentioned, this is completely
normal, since we are removing precisely the data sources whose correct description demands for
new physics. Even so, the H0-tension is again remarkably reduced from 3.8σ in GR-ΛCDM to only
2.4σ in the BD-ΛCDM. The respective values of σ8 remain compatible with 0.80 within ∼ 1σ.
It is also interesting to compare the results that we have obtained within the BD framework
with other approaches in the literature, in which the variation of G is dealt with as a small
departure from GR, namely in a context where the action still contains a large mass scale M near
the Planck mass mPl, together with some scalar field which parametrizes the deviations from it.
This is of course fundamentally different from the BD paradigm but it bears relation owing to the
variation of the effective G, and it has also been used to try to smooth out the tensions. However,
as already mentioned in the Introduction, and also in Sec. 3, it is not easy at all for a given model
to fulfill the ‘golden rule’, i.e. to loosen the two tensions at a time, or just to alleviate one of
them without worsening the other. Different proposals have appeared in the market trying to curb
the H0-tension, e.g. the so-called early dark energy models [104, 106, 107], and the model with
variable G recently considered in [111,112]. Although the physical mechanism of the EDE and the
aforementioned models with variable G is of course very different, their aim is pretty similar. They
reduce the sound horizon rs at recombination in order to force the increase of the Hubble function
in the late universe. This allows them to generate larger values of H0 in order to keep a good fit
to the CMB and BAO data, but this happens only at the expense of increasing the tension in σ8,
since they do not have any compensation mechanism able to keep the structure formation in the
late universe at low enough levels. Some of these models appear not to be particularly disfavored
notwithstanding. But this is simply because they did not use LSS data in their fits, i.e. they did
not put their models to the test of structure formation and for this reason they have more margin
to adjust the remaining observables without getting any statistical punishment. So the fact that
the significant increase of σ8 that they find is not statistically penalized is precisely because they
do not use LSS data, such as e.g. those on the observable f(z)σ8(z) displayed in our Table 2. In
this respect, EDE cosmologies are an example; they seem to be unable to alleviate the H0-tension
when LSS data are taken into account, as shown in [105].
To further illustrate the capability of the BD-ΛCDM model to fit the data under more severe
conditions, in Table 10 we consider four possible settings to fit our intermediate BD-Scenario III
defined in Sec. 6. Recall that this BD scenario involves the stringent Cassini bound on the post-
Newtonian parameter γPN [125], which we have discussed in Sec. 2. The first two fitting columns
of Table 10 correspond to our usual Baseline+H0 dataset, in one case (first fitting column in that
table) we omit the LSS data, whereas in the second column we restore it. In this way we can check
the effect of the structure formation data on the goodness of the fit. The comparison between
the results presented in these two columns shows, first and foremost, that the Cassini bound does
not have a drastically nullifying effect, namely it does not render the BD-ΛCDM model irrelevant
to the extent of making it indistinguishable from GR-ΛCDM, not at all, since the quality of the
fits is still fairly high (confer the Bayes factors in the last row). In truth, the fit quality is still
comparable to that of the Baseline+H0 scenario (cf. Table 3). However, the description of the
LSS data is naturally poorer since BD is smaller and the model cannot handle so well the features
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of the structure formation epoch, thus yielding slightly higher values of σ8. Second, the fact
that the scenario without LSS furnishes a higher Bayes factor just exemplifies the aforementioned
circumstance that when cosmological models are tested without using this kind of data the results
may in fact not be sufficiently reliable. When the LSS data enter the fit (third fitting colum in
that table), we observe, interestingly enough, that the BD-ΛCDM model is still able to keep H0 in
the safe range, it does improve the value of σ8 as well (i.e. it becomes lower) and, on top of that,
it carries a (‘smoking gun’) signal of almost 2.9σ c.l. – encoded in the value of weff – pointing to
quintessence-like behavior. Overall it is quite encouraging since it shows that the Cassini bound
does not exceedingly hamper the BD-ΛCDM model capabilities, the reason being that such bound
constraints the time evolution of ϕ (because |BD| is forced to be much smaller) but it does not
impede ϕ to choose a suitable value in compensation (recall our discussion of BD-Scenario III in
Sec. 6).
In the last two columns of Table 10, we can further check what are the changes in the previous
fitting results when we use a more restricted dataset, e.g. the one used in Ref. [111], in which the
Cassini bound is also implemented. These authors study a model which represents a modification
of GR through an effective G ∼ 1/M2, with M a mass very near the Planck mass, mPl, which is
allowed to change slowly through a scalar field φ as follows: M2 →M2 + βφ2, where β is a small
(dimensionless) parameter. The authors assume that the Cassini bound on the post-Newtonian
parameter γPN [125] is in force (see Sec. 7 for details). However, they do not consider LSS data
(only CMB and BAO). We may compare the results they obtain within that variable G model
(cf. their Table 1) with those we obtain within the BD-Scenario III under the very same dataset
as these authors. The results are displayed in the third fitting column of Table 10. We obtain
H0 = (70.01
+0.86
−0.92) km/s/Mpc and σ8 = 0.817 ± 0.007, whereas they obtain H0 = (69.2+0.62−0.75)
km/s/Mpc and σ8 = 0.843
+0.015
−0.024. Clearly, the BD-ΛCDM is able to produce larger central values
of H0 and lower values of σ8, even under the Cassini bound, although the differences are within
errors. The value of 2 ln B lies around +3.5 and hence points to a mild positive evidence in favor
of the BD model. This is consistent with the associated deviation we find of G(0) from GN at
2.43σ c.l., and with a signal of effective quintessence at 2.53σ c.l. within the GR-picture.
Let us now consider what is obtained if we add up the LSS data to this same BD-Scenario III,
still with the restricted dataset od Ref. [111]. As expected, the inclusion of the structure formation
data pushes the value of σ8 = 0.812
+0.006
−0.007 down as compared to their absence (σ8 = 0.817±0.007).
This is the most remarkable difference between the two cases, as one cannot appreciate significant
changes in the other parameters. Something very similar happens when we compare the values of
σ8 of the first two fitting columns of Table 10, in which we consider the B+H0 dataset without LSS
data (first fitting column) and with LSS data (second fitting column). The relative improvement
w.r.t. the model of [111] is therefore greater in the presence of LSS data, whose use has been omitted
in that reference. In that variable G model one finds a larger value of H(z) at recombination thanks
to the larger values of G in that epoch, but at present G is forced to be almost equal to GN (being
the differences not relevant for cosmology). This means that: (i) in that model G decreases with
time, which leads to a kind of effective BD > 0; (ii) the model cannot increase H0 with a large
value of G(z = 0). Both facts do limit significantly the effectiveness of the model in loosening the
59
tensions. In the BD-ΛCDM model under consideration, instead, we find that G has to be ∼ 8−9%
larger than GN not only in the pre-recombination universe, but also at present, and this allows to
reduce significally the H0-tension. Moreover, we find that a mild increase of the cosmological G
with the expansion leads also to an alleviation of the σ8-tension.
Under all of the datasets studied in Table 10 we obtain central values of |BD| ∼ O(10−5),
which are compatible with 0 at 1σ. Notice that this value is just of order of the Cassini bound
on BD, as could be expected. Notwithstanding, and remarkably enough, the stringent bound
imposed by the Cassini constraint, which enforces BD to remain two orders of magnitude lower
than in the main Baseline scenarios, is nevertheless insufficient to wipe out the positive effects
from the BD-ΛCDM model. They are still capable to emerge with a sizeable part of the genuine
BD signal. This is, as anticipated in Sec. 6, mainly due to the fact that the Cassini bound cannot
restrict the value of the BD field ϕ, only its time evolution.
A few additional comments on our results concerning the parameters H0 and σ8 are now in
order. Their overall impact can be better assessed by examining the triangular matrix of fitted
contours involving all the main parameters, as shown in Fig. 10, in which we offer the numerical
results of several superimposed analyses based on different datasets, all of them within Baseline
scenarios. We project the contour lines in the corresponding planes of parameter space, and show
the associated marginalized one-dimensional posteriors. The fitted value of the EoS parameter
at z = 0 shown there, weff(0), is to be understood, of course, as a derived parameter from the
prime ones of the fit, but we include this information along with the other parameters in order
to further display the significance of the obtained signal: & 3σ quintessence-like behavior. Such
signal, therefore, mimics ‘GR+ DDE’ and hints at something beyond pure GR-ΛCDM. What we
find in our study is that such time-evolving DE behavior is actually of quasi-vacuum type and
appears as a kind of signature of the underlying BD theory20.
Figure 10 provides a truly panoramic and graphical view of our main fitting results, and from
where we can comfortably judge the impact of the BD framework for describing the overall cos-
mological data. It is fair to say that it appears at a level highly competitive with GR – in fact,
superior to it. In all datasets involving the local H0 input in the fit analyses, the improvement
is substantial and manifest. Let us stand out only three of the entries in that graphical matrix:
i) for the parameters (σ8, H0), all the contours in the main dataset scenarios are centered around
values of σ8 < 0.80 and H0 & 71 km/s/Mpc, which are the coveted ranges for every model aiming
at smoothing the two tensions at a time; ii) for the pair (H0, rs), the contours are centered around
the same range of relevant H0 values as before, and also around values of the comoving sound
horizon (at the baryon drag epoch) rs . 142 Mpc, these being significantly smaller than those of
the concordance ΛCDM (cf. Table 7) and hence consistent with larger values of the expansion rate
at that epoch; iii) and for (weff(0), H0), the relevant range H0 & 71 km/s/Mpc is once more picked
out, together with an effective quintessence signal weff(0) > −1 at more than 3σ (specifically 3.45σ
20As we recall in subsection A.5 of Appendix A, such kind of dynamical behavior of the vacuum is characteristic
of the Running Vacuum Model (RVM), a version of the ΛCDM in which the vacuum energy density is not just a
constant but involves also a dynamical term ∼ H2. The description of the BD-ΛCDM model in the GR-picture
mimics a behavior of this sort [81, 82].
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Figure 12: CMB temperature power spectrum for the GR-ΛCDM (in black) and BD-ΛCDM (in orange), obtained from
the fitting results within the Baseline+H0 dataset (cf. Table 3 and Sec. 7). We plot the central curves together with the
corresponding 1σ bands. In the inner plot we zoom in the multipole range l ∈ [0, 30] and include the Planck 2018 [3] data
error bars (in green). At low multipoles (l . 30) the BD-ΛCDM model produces less power than the concordance GR-ΛCDM
model owing to the enhancement of the Integrated Sachs-Wolfe effect that we have discussed in Sec. 3. The differences are
& 1σ, and allow to soften a well-known low-multipole CMB anomaly. See the main text for further discussion.
for the scenario of Table 4, in which strong lensing data are included in the fit).
It is also interesting to focus once more our attention on Fig. 11, where we provide devoted
contours involving both S˜8 and σ8 versus H0. On top of the observations we have previously made
on these observables before, we can compare here our basic dataset scenarios for the BD-ΛCDM
model with the yield of a simple XCDM parametrization of the DDE. In previous studies we had
already shown that such parametrization can help to deal with the σ8 tension [56]. Nonetheless,
as we can see here, it proves completely impotent for solving or minimally helping to alleviate
the H0-tension since the values predicted for this parameter stay as low as in the concordance
model. This shows, once more, that in order to address a possible solution to the two tensions
simultaneously, it is not enough to have just some form of dynamics in the DE sector; one really
needs a truly specific one, e.g. the one provided (in an effective way) by the BD-ΛCDM model.
In the context of the BD framework it is imperative, in fact mandatory, to discuss the current
values of the relative variation of the effective gravitational strength, viz. of G˙(0)/G(0), which
follow from our fitting analyses (see the main Tables 3-5). The possible time evolution of that
quantity hinges directly on BD, of course, since the latter is the parameter that controls the
(cosmological) evolution of the gravitational coupling in the BD theory. It is easy to see from
Eq. (2.10) that G˙(0)/G(0) = −ϕ˙(0)/ϕ(0) ' −BDH0, where we use the fact that ϕ ∼ aBD
in the matter-dominated epoch. Recalling that H0 ' 7 × 10−11 yr−1 (for h ' 0.70), we find
G˙(0)/G(0) ' −BD · 10−10 yr−1. Under our main BD-Scenario II (cf. Sec. 6) we obtain values for
G˙(0)/G(0) of order O(10−13) yr−1 (and positive), just because BD ∼ O(10−3) (and negative).
Being G˙(0)/G(0) > 0 it means that the effective gravitational coupling obtained by our global
cosmological fit increases with the expansion, and hence it was smaller in the past. This suggests
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that the sign BD < 0, which is directly picked out by the data, prefers a kind of asymptotically
free behavior for the gravitational coupling since the epochs in the past are more energetic, in
fact characterized by larger values of H (with natural dimension of energy). The central values
show a mild time variation at present, at a level of 1.3σ, both for BD and G˙(0)/G(0), when the
bispectrum data from BOSS is also included in the analysis (cf. Tables 3 and 4). Such departure
goes below 1σ level when only the spectrum is considered (see Table 5). In the context of the
BD-Scenario III, in which BD is very tightly constrained by the Cassini bound [125], namely at
a level of O(10−5), we find G˙(0)/G(0) ∼ 10−15 yr−1, which is compatible with 0 at 1σ. All that
said, we should emphasize once more that the fitting values that we obtain for G˙(0)/G(0) refer to
the cosmological time variation of G and, therefore, cannot be directly compared with constraints
existing in the literature based on strict local gravity measurements, such as e.g. those from the
lunar laser ranging experiment – G˙(0)/G(0) = (2± 7) · 10−13yr−1 [205] – (see e.g. the review [194]
for a detailed presentation of many other local constraints on G˙(0)/G(0)). Even though this
bound turns out to be preserved within our analysis, it is not in force at the cosmological level
provided an screening mechanism acting at these scales is assumed, as in our case. Thus, the local
measurements have no bearing a priori on the BD-ΛCDM cosmology. The opposite may not be
true, for despite the fact that the values reported in our tables are model-dependent, they prove
to be quite efficient and show that the cosmological observations can compete in precision with
the local measurements.
Finally, an additional bonus from the BD cosmology is worth mentioning before we close this
lengthy study. It is found in the description of the CMB temperature anisotropies. As we have
discussed in Sec. 3, the BD-ΛCDM model is, in principle, able to suppress the power at low
multipoles (l . 30), thereby softening one of the so-called CMB anomalies that are encountered in
the context of the GR-ΛCDM model. This is basically due to the low values of ϕ < 1 preferred by
the data, which in turn produce an enhancement of the Integrated Sachs-Wolfe effect [133, 134].
We have confirmed that this suppression actually occurs for the best-fit values of the parameters
in our analysis, cf. Fig. 12. The aforementioned anomaly is not very severe, since the power
at low multipoles is affected by a large cosmic variance and cannot be measured very precisely.
Nevertheless, it is a subtle anomaly which has been there unaccounted for a long time and could
not be improved in a consistent way: that is to say, usually models ameliorating the low tail of
the spectrum do spoil the high part of it. However, here the suppression of power with respect
to the GR-ΛCDM at l . 30 is fully consistent and is another very welcome feature of the BD-
ΛCDM model, which is not easy at all to attain. So, once more the ‘golden rule’ mentioned in
the Introduction is preserved here anew, somehow in its full glory, as all the curing effects from
the BD-ΛCDM stay aligned, and they all help in harmony to smooth out the problems of the
GR-ΛCDM: the three tensions (H0, σ8 and the exceeding CMB power at low multipoles) can be
improved at a time.
To summarize, we have presented a rather comprehensive work on the current status of the
Brans-Dicke theory with a cosmological constant in the light of the modern observations. Such
framework constitutes a new version of the concordance ΛCDM model in the context of a distinct
gravity paradigm, in which the gravitational constant is no longer a fundamental constant of
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Nature but a dynamical field. We have called this framework BD-ΛCDM model to distinguish
it from the conventional one, the GR-ΛCDM model, based on General Relativity. Our work is a
highly expanded and fully updated analysis of our previous and much shorter presentation [83],
in which we have replaced the Planck 2015 data by the Planck 2018 data, and we have included
additional sets of modern cosmological observations. We reconfirm the results of [83] and provide
now a bunch of new results which fit in with the conclusions of our previous work and reinforce
its theses. To wit: in the light of the figures and tables that we have presented in the current
study we may assert that the BD-ΛCDM model fares better not only as compared to the GR-
ΛCDM with a rigid cosmological constant (cf. Tables 3-7 and 10) but also when the CC term is
replaced with a dynamical parametrization of the DE, such as the traditional XCDM, which acts
as a benchmark (cf. Table 8). We find that the GR-XCDM is completely unable to enhance the
value of H0 beyond that of the concordance model. In particular, in Tables 3-4 we can see that the
information criteria (Bayes factor and Deviance Information Criterion) do favor significantly and
consistently the BD-ΛCDM model as compared to GR-ΛCDM and GR-XCDM. There is a very
good resonance between the Bayesian evidence criterion and the DIC differences, which definitely
uphold the BD framework at a level of +5 units for the Baseline+H0 dataset scenario, meaning
that the degree of support of BD versus GR is in between positive to strong (cf. Sec. 8). This
support is further enhanced up to more than +9 units, hence in between strong to very strong,
for the case when we include the Strong-Lensing data in the fit (see Table 4). The exact Bayesian
evidence curves computed in Fig. 9 reconfirm these results in a graphical way. The pure baseline
dataset scenario (in which the local H0 value is not included) shows weak evidence; however, as
soon as the local H0 value is fitted along with the remaining parameters the evidence increases
rapidly and steadily, reaching the status of positive, strong and almost very strong depending on
the datasets.
Finally, another dataset scenario which is particularly enhanced in our analysis is the one based
on considering the effective calibration prior on the absolute magnitude M of the nearer SNIa data
in the distance ladder (as defined in Sec. 7), instead of the local value H0 from SH0ES. The results
for the Baseline dataset in combination with M (denoted B+M) can be read off from Table 6
(first row). We can see it yields a tantalizing overall output, with values of H0 and σ8 in the
correct ranges for solving the two tensions, and fully compatible with the results obtained using
the prior on H0, as expected. In addition, the corresponding Bayes factor for this scenario points
to a remarkably high value 2 lnB > +10, thereby carrying a very strong Bayesian evidence, in
fact comparable to the Baseline+H0+SL scenario of Table 4. In all of the mentioned cases in our
summary the information criteria definitely endorse the BD-cosmology versus the GR one.
Overall, the statistical support in favor of the BD-ΛCDM model against the concordance GR-
ΛCDM model is rather significant. It is not only that the H0 and σ8 tensions are simultaneously
dwarfed to a level where they are both rendered inessential (. 1.5σ), but also the fact that all
of the tested BD scenarios involving the local H0 value provide a much better global fit than
the concordance model on the basis of a rich and updated set of modern observations from all
the main cosmological data sources available at present. If we take into account that the BD-
ΛCDM framework is not just some ad hoc phenomenological toy-model, or some last-minute smart
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parametrization just concocted to solve or mitigate the two tensions, but the next-to-leading
fundamental theory candidate directly competing with GR, it may give us a sense of the potential
significance of these results.
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A Semi-analytical solutions in different epochs
Our aim in this section is to find semi-analytical solutions for the BD equations in the various
epochs of the cosmic history, by using a perturbative approach. We express the BD-field and the
scale factor up to linear order in BD as follows,
ϕ(t) = ϕ(0) + BDϕ
(1)(t) +O(2BD) (A.1)
a(t) = a(0)(t) + BDa
(1)(t) +O(2BD) , (A.2)
with the functions with superscript (0) denoting the solutions of the background equations in
standard GR with a constant Newtonian coupling that can be in general different from GN , and
the functions with superscript (1) denoting the first-order corrections induced by a non-null BD.
Neglecting the higher-order terms is a very good approximation for all the relevant epochs of the
expansion history due to the small values of BD allowed by the data. Plugging these expressions
in Eqs. (2.6)-(2.9) we can solve the system and obtain the dominant energy density at each epoch
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and the Hubble function, which of course can also be written as
ρN (t) = ρ
(0)
N (t) + BDρ
(1)
N (t) +O(2BD) (A.3)
H(t) = H(0)(t) + BDH
(1)(t) +O(2BD) , (A.4)
respectively, where N = R,M,Λ denotes the solution at the radiation, matter, and Λ-dominated
epochs21. We make use of the following relations,
1
2ωBD + 3
=
BD
2
+O(2BD) ,
ϕ˙
ϕ
= BD
ϕ˙(1)
ϕ(0)
+O(2BD) ,
ωBD
2
(
ϕ˙
ϕ
)2
=
BD
2
(
ϕ˙(1)
ϕ(0)
)2
+O(2BD) .
(A.5)
The Klein-Gordon equation is already of first order in BD,
ϕ¨(1) + 3H(0)ϕ˙(1) = 4piGN (ρ
(0)
N − 3p(0)N ) , (A.6)
and this allows us to find ϕ(1) without knowing H(1) nor the linear corrections for the energy
densities and pressures. The Friedmann equation leads to
H(0) =
(
8piGN
3ϕ(0)
ρ
(0)
N
)1/2
, (A.7)
at zeroth order, and
6H(0)H(1) + 3H(0)
ϕ˙(1)
ϕ(0)
− 1
2
(
ϕ˙(1)
ϕ(0)
)2
= 3
(
H(0)
)2(ρ(1)N
ρ
(0)
N
− ϕ
(1)
ϕ(0)
)
, (A.8)
at first order, which let us to compute a(1)(t) once we get ρ
(1)
N (t, a
(1)(t)) from the conservation
equation and substitute it in the r.h.s. H(1) is then trivially obtained using the computed scale
factor. Alternatively, one can also combine (A.8) with the pressure equation to obtain a differential
equation for H(1) and directly solve it. Proceeding in this way one obtains, though, an additional
integration constant that must be fixed using the Friedmann and conservation equations.
A.1 Radiation dominated epoch (RDE)
In the RDE the trace of the energy-momentum tensor is negligible when compared with the total
energy density in the universe, so we can set the right-hand side of (A.6) to zero. The leading order
of the scale factor and the Hubble function take the following form, respectively: a(0)(t) = At1/2,
H(0)(t) = 1/(2t), with A ≡ (32piGNρ0r/3ϕ(0))1/2 and ρ0r the current value of the radiation energy
density. Using these relations we can find the BD-field as well as the scale factor at first order.
They read,
ϕ(t) = ϕ(0) + BD
(
CR1 + CR2 t
−1/2
)
+O(2BD) , (A.9)
and
a(t) = At1/2
(
1 + BD
[
C2R2 ln(t)
24(ϕ(0))2t
− CR1
4ϕ(0)
+
CR3
t
]
+O(2BD)
)
, (A.10)
21For the sake of simplicity and to ease the obtention of analytical expressions, in this appendix we consider three
massless neutrinos.
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where CR1, CR2 and CR3 are integration constants. Let us note that in the RDE the evolution of
the BD-field ϕ is essentially frozen, since there is no growing mode. The term evolving as ∼ t−1/2
is the decaying mode, and after some time we are eventually left with a constant contribution.
Finally, it is easy to find the corresponding Hubble function
H(t) =
1
2t
(
1 + BD
[
− C
2
R2
12(ϕ(0))2
ln(t)
t
+
1
t
(
C2R2
12(ϕ(0))2
− 2CR3
)]
+O(2BD)
)
. (A.11)
At late enough times it is natural to consider that decaying mode is already negligible, and this
allows us to simplify a lot the expressions, by setting CR2 = 0. The scalar field remains then
constant in very good approximation when radiation rules the expansion of the universe, and the
other cosmological functions are the same as in GR (a ∼ t1/2, H ∼ 12t), but with an effective
gravitational coupling G = GN/ϕ.
A.2 Matter dominated epoch (MDE)
When nonrelativistic matter is dominant in the universe the scalar field evolves as
ϕ(t) = ϕ(0) + BD
[
CM1
t
+
2ϕ(0)
3
ln(t) + CM2
]
+O(2BD) , (A.12)
where CM1 and CM2 are integration constants. At leading order the scale factor and the Hubble
function take the following form, a(0)(t) = Bt2/3 and H(0)(t) = 2/3t respectively, with B ≡(
6piGNρ
0
m/ϕ
(0)
)1/3
and ρ0m the current value of the matter energy density. If we neglect the
decaying mode in (A.12) we find ϕ(a) = ϕ(0)(1 + BD ln a +O(2BD)). This solution is also found
from the analysis of fixed points of Sec. B, at leading order in BD. The scale factor reads in this
case,
a(t) = Bt2/3
(
1 + BD
[
−
(
CM1
ϕ(0)
)2 1
8t2
− CM2
3ϕ(0)
− 1
18
− 2
9
ln(t) +
CM3
t
]
+O(2BD)
)
, (A.13)
where CM3 is another integration factor, and the Hubble function,
H(t) =
2
3t
(
1 + BD
[(
CM1
ϕ(0)
)2 3
8t2
− 1
3
− 3CM3
2t
]
+O(2BD)
)
. (A.14)
Once more, after we neglect the contribution from the decaying modes, the usual cosmological
functions are as is GR in the MDE (a ∼ t2/3, H ∼ 23t). However, in contrast to the RDE there
is some mild evolution (a logarithmic one with the cosmic time) of the BD-field. Since ϕ(0) is
obviously positive, it follows from Eq. (A.12) that the sign of such evolution (implying growing
or decreasing behavior) is entirely defined by the sign of the BD-parameter BD. Our fit to the
overall data clearly shows that BD < 0 (cf. Sec. 8) and hence ϕ decreases with the expansion
during the MDE, which means that the effective gravitation coupling G = GN/ϕ increases with
the expansion.
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A.3 Λ-dominated or VDE
Here we assume that the energy density of the universe is completely dominated by a vacuum fluid,
with constant energy density ρΛ. This period occurs in the very early universe during inflation,
and in the very late one when matter has diluted significantly and a new period of inflation occurs.
The usual solution for the Hubble function in that epoch is H(0)(t) = HΛ, where HΛ is a constant,
fixed by (A.7). Taking this into account we find
ϕ(t) = ϕ(0) + BD
(
2HΛϕ
(0)t+ CΛ1e
−3HΛt + CΛ2
)
+O(2BD), (A.15)
and for the scale factor
a(t) = CΛ4e
HΛt
(
1 + BD
[
−H
2
Λt
2
2
−
(
CΛ1
ϕ(0)
)2 e−6HΛt
8
+ CΛ3HΛt
(
CΛ2
2ϕ(0)
+
2
3
)])
+O(2BD),
(A.16)
where CΛ1, CΛ2, CΛ3, and CΛ4 are integration constants. Note that by performing the limit
BD → 0 we recover the usual GR expressions, as in all the previous formulas. The Hubble
function at first order takes the form
H(t) = HΛ
(
1 + BD
[
−2
3
+
3
4
(
CΛ1
ϕ(0)
)2
e−6HΛt −HΛt− CΛ2
2ϕ(0)
]
+O(2BD)
)
. (A.17)
The term accompanied by the constant CΛ1 in (A.15) is a decaying mode, which we considered
to be negligible already in the RDE. Thus, we can safely remove it, and CΛ2 can be fixed by
the condition ϕ(t∗) = ϕ∗, at some t∗ deeply in the VDE. The scalar field evolves then as ϕ(t) ∼
2BDHΛt ∼ 2BD ln a, which is the behavior we obtain also from the analysis of fixed points (cf.
appendix B). We can also see that during this epoch the BD-field decreases with the expansion
because BD < 0, as indicated before.
A.4 Mixture of matter and vacuum energy
In a universe with a non-negligible amount of vacuum and matter energy densities, it is also possible
to obtain an analytical expression for the BD scalar field at leading order in BD. Unfortunately,
this is not the case for the scale factor and the Hubble function, so we will present here only the
formula for ϕ. In the ΛCDM the scale factor is given by
a(0)(t) =
(
Ω˜m
Ω˜Λ
)1/3
sinh2/3
(
3
2
√
Ω˜ΛH0t
)
, (A.18)
so
H(0)(t) = H0
√
Ω˜Λ coth
(
3
2
√
Ω˜ΛH0t
)
. (A.19)
Solving the Klein-Gordon equation, we obtain
ϕ(1)(t) =
√
Ω˜ΛH0t coth
(
3
2
√
Ω˜ΛH0t
)
+
2
3
ln
(
sinh
(
3
2
√
Ω˜ΛH0t
))
. (A.20)
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One can easily check that in the limits H0t  1 and H0t  1 we recover the behavior that we
have found in previous sections for the matter and Λ-dominated universes, respectively. When we
substitute the previous expression in Eq. (A.1), we confirm once more that ϕ decreases with the
expansion (since BD < 0 and ϕ˙
(1)(t) > 0 ∀t). This is the period when the universe is composed
of a mixture of matter and vacuum energy at comparable proportions, and corresponds to the
current universe. Thus G = GN/ϕ increases with the expansion in the present universe as it was
also the case in the preceding MDE period, which is of course an important feature that helps to
solve the H0-tension, as explained in different parts of the paper, and in particular in the preview
Sec. 3.
A.5 Connection of the BD-ΛCDM model with the Running Vacuum Model
Analytical solutions to the system (2.6)-(2.8) are not known and for this reason our actual analysis
proceeds numerically. However, as we have seen in the previous sections it is possible to search for
approximate solutions in the different epochs, which can help to better understand the numerical
results and the qualitative behavior of the BD-ΛCDM model. Actually, a first attempt in this
direction trying to show that BD-ΛCDM can mimic the Running Vacuum Model (RVM) was done
in [81, 82] and we refer the reader to these references for details. Here we just summarize the
results and adapt them to the current notation. It is based on searching for solutions in the MDE
in the form of a power-law ansatz in which the BD-field ϕ evolves very slowly:
ϕ(a) = ϕ0 a
− (||  1) . (A.21)
Obviously  must be a very small parameter in absolute value since G(a) ≡ G(ϕ(a)) cannot depart
too much from GN . On comparing with the analysis of fixed points given in Appendix B – cf.
Eq. (B.23) – we can anticipate that  ∝ −BD, although we do not expect perfect identification
since (A.21) is a mere ansatz solution in the MDE whereas (B.23) is an exact phase trajectory in
that epoch. For  > 0 (hence BD < 0), the effective coupling increases with the expansion and
hence is asymptotically free since G(a) is smaller in the past, which is the epoch when the Hubble
rate (with natural dimension of energy) is bigger. For  < 0 (BD > 0), instead, G(a) decreases
with the expansion.
Using the power-law ansatz (A.21) we find
ϕ˙
ϕ
= −H , ϕ¨
ϕ
= −H˙ + 2H2. (A.22)
Plugging these relations into the system of equations (2.6)-(2.8) and after some calculation it is
possible to arrive at the following pair of Friedmann-like equations to O() [81,82]:
H2 =
8piG
3
(
ρ0ma
−3+ + ρDE(H)
)
(A.23)
and
a¨
a
= −4piG
3
(
ρ0ma
−3+ + ρDE(H) + 3pΛ
)
, (A.24)
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withG = GN/ϕ0. The first equation emulates an effective Friedmann’s equation with time-evolving
cosmological term, in which the DE appears as dynamical:
ρDE(H) = ρΛ +
3 νeff
8piG
H2 . (A.25)
Here
νeff ≡ 
(
1 +
1
6
ωBD
)
(A.26)
is the coefficient controlling the dynamical character of the dark energy (A.25). The structure of
this dynamical dark energy (DDE) is reminiscent of the RVM, see [6,58,59] and references therein.
In the language used in this paper, the analogue of the above RVM form of the Friedmann equation
can be derived from Eq. (3.21) upon taking into account that the function F is of O(BD). In fact,
F is the precise analogue of νeff , for if we set → −BD in (A.26) it boils down to the value quoted
in Eq.(3.20). The two languages are similar, but not identical, for the reasons explained above.
Notice from (A.23) that, to O():
Ωm + ΩΛ = 1− νeff , (A.27)
so the usual sum rule of GR is slightly violated by the BD model when parametrized as a deviation
with respect to GR.Only for  = 0 we have νeff = 0 and then we recover the usual cosmic sum
rule22. The parameter νeff becomes associated to the dynamics of the DE. Worth noticing, the
above expression adopts the form of the Running Vacuum Model (RVM), see [6, 58,59] and refer-
ences therein, in particular [206–208] – where the running parameter is usually denoted ν and is
associated to the β-function of the running vacuum. Recently, the parameter ν has been computed
from direct calculations in QFT in curved spacetime within GR [65]. For other contributions to
the running of the CC term, see e.g. [209–211]. The RVM has been shown to be phenomeno-
logically promising to alleviate some of the existing tensions within the ΛCDM, particularly the
σ8-tension [66–76]. It is therefore not surprising that the mimicking of the RVM by the BD-ΛCDM
model enjoys of the same virtues. In actual fact, the particular RVM form obtained in BD-gravity
(we may call it “BD-RVM” for short) is even more successful since it can cure both tensions, the
H0 and σ8 one. The reason why the BD-RVM can cure also the H0-tension is because we need
the evolution of the effective gravitational coupling Geff to achieve that, as we have seen in the
preview Sec. 3, whereas the σ8-tension can be cured with νeff , which is associated to  ∝ −BD
(the second ingredient characteristic of BD-gravity), and hence the two key elements are there to
make a successful phenomenological performance.
On the other hand, from (A.24) it follows that the EoS for the effective DDE is
weff(z) =
pΛ
ρDE(H)
' −1 + 3νeff
8piGρΛ
H2(z) = −1 + νeff
ΩΛ
H2(z)
H20
, (A.28)
where use has been made of (A.25). It follows that the BD-RVM, in contrast to the original RVM,
does not describe a DE of pure vacuum form (pΛ = −ρΛ) but a DE whose EoS departs slightly
22It is interesting to note that the presence of νeff 6= 0 emulates a fictitious spatial curvature. This is the analog,
in RVM language, of the similar situation noted in Sec. 4 when we defined the GR-picture of the BD model. A
persistent irreducible value of this parameter in future observations might serve also as a hint of the underlying BD
physics.
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from the pure vacuum. In fact, for  > 0 ( < 0) we have νeff > 0 (νeff < 0) and the effective DDE
behaves quintessence (phantom)-like. For  → 0 (hence νeff → 0) we have weff → −1 (ΛCDM).
As could be expected, Eq.(A.28) is the BD-RVM version of the effective EoS that we obtained in
Sec. 4 – see Eq. (4.14). The two languages are consistent. Indeed, by comparison we see that νeff
here plays the role of ∆ϕ there. We know that ∆ϕ = 1 − ϕ > 0, i.e. ϕ < 1, for BD < 0, as we
have shown previously, which is consistent with the fact that νeff ∝  ∝ −BD > 0. Finally, since
weff approaches −1 from above (cf. Fig. 8) it corresponds to an effective quintessence behavior,
which is more pronounced the more we explore the EoS into our past.
B Fixed Points in BD-ΛCDM cosmology
In order to study the fixed points of this system of differential equations we must define new
variables such that the system becomes of first order in the derivatives when it is rewritten in
terms of the new variables. It is useful though to firstly carry out the change t→ N ≡ ln(a). This
preliminary step will help us to identify in an easier way how we must define the new variables.
When written in terms of N the system takes the following form23:
ψ′′
ψ
+
H ′
H
ψ′
ψ
+ 3
ψ′
ψ
=
8pi
3 + 2ωBD
(
ρm + 4ρΛ
ψH2
)
, (B.1)
3 + 3
ψ′
ψ
− ωBD
2
(
ψ′
ψ
)2
=
8pi
ψH2
(ρr + ρm + ρΛ) , (B.2)
3 +
H ′
H
(
2 +
ψ′
ψ
)
+
ψ′′
ψ
+ 2
ψ′
ψ
+
ωBD
2
(
ψ′
ψ
)2
=
8pi
ψH2
(
ρΛ − ρr
3
)
, (B.3)
ρ′r + 4ρr = 0 , (B.4)
ρ′m + 3ρm = 0 . (B.5)
Now one can define the following quantities:
xψ ≡ ψ
′
ψ
; x2i ≡
8piρi
H2ψ
, (B.6)
where i = r,m,Λ. In terms of these variables the system of equations can be easily written as
follows:
x′ψ + x
2
ψ +
H ′
H
xψ + 3xψ =
x2m + 4x
2
Λ
3 + 2ωBD
, (B.7)
3 + 3xψ − ωBD
2
x2ψ = x
2
r + x
2
m + x
2
Λ , (B.8)
23Primes in this appendix stand for derivatives w.r.t. to the variable N = ln a, i.e. ()′ ≡ d()/dN . We consider, as
in Appendix A, three massless neutrinos.
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3 +
H ′
H
(2 + xψ) + x
′
ψ + x
2
ψ + 2xψ +
ωBD
2
x2ψ = x
2
Λ −
x2r
3
, (B.9)
x′r = −xr
(
H ′
H
+ 2 +
xψ
2
)
, (B.10)
x′m = −xm
(
H ′
H
+
3
2
+
xψ
2
)
. (B.11)
This system is of first order, as wanted. We have five equations and five unknowns, namely:
xr, xm, xψ, xΛ, H
′/H. We can reduce significantly the complexity of the system if we just isolate
H ′/H from (B.7) and xΛ from (B.8),
H ′
H
=
1
xψ
[
x2m + 4x
2
Λ
3 + 2ωBD
− x′ψ − 3xψ − x2ψ
]
, (B.12)
x2Λ = 3 + 3xψ −
ωBD
2
x2ψ − x2r − x2m , (B.13)
and substitute the resulting expressions in the other equations, i.e. in (B.9), (B.10), and (B.11).
Doing this, and after a little bit of algebra, one finally obtains three equations written only in
terms of xr, xm, xψ:
x′ψ = −xψ
[
3 + 3xψ − 1
2
ωBDx
2
ψ −
2
3
x2r −
x2m
2
−
(
1
xψ
+
1
2
)(
12 + 12xψ − 2ωBDx2ψ − 4x2r − 3x2m
3 + 2ωBD
)]
,
(B.14)
x′r = −xr
[
2 +
5
2
xψ − ωBD
2
x2ψ −
2
3
x2r −
x2m
2
− 1
2
(
12 + 12xψ − 2ωBDx2ψ − 4x2r − 3x2m
3 + 2ωBD
)]
, (B.15)
x′m = −xm
[
3
2
+
5
2
xψ − ωBD
2
x2ψ −
2
3
x2r −
x2m
2
− 1
2
(
12 + 12xψ − 2ωBDx2ψ − 4x2r − 3x2m
3 + 2ωBD
)]
.
(B.16)
They allow us to search for the fixed points of the system. There is an important restriction
produced by (B.10) and (B.11). Supposing that xr 6= 0 and xm 6= 0, we see that the mentioned
equations impose that
x′r
xr
= −x
′
m
xm
+
1
2
. (B.17)
This equation is not compatible with the conditions of fixed point, so that we should assume that
xr = 0, xm = 0 or both conditions at the same time. The fixed points are:
RDE
(xr, xm, xΛ, xψ)RD =
(√
3, 0, 0, 0
)
, (B.18)
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the Jacobian of the nonlinear system (B.14), (B.15), (B.16) has eigenvalues λRD1 = −1, λRD2 = 1/2,
λRD3 = 4 so that is an unstable point.
MDE
(xr, xm, xΛ, xψ)MD =
0,
√
12 + 17ωBD + 6ω2BD√
2|1 + ωBD|
, 0,
1
1 + ωBD
 , (B.19)
the Jacobian of the nonlinear system (B.14), (B.15), (B.16) has eigenvalues λMD1 = −1/2, λMD2 ≈
−3/2, λMD3 ≈ 3 so that is also an unstable point.
Λ-dominated or VDE
(xr, xm, xΛ, xψ)ΛD =
0, 0,
√
15 + 28ωBD + 12ω2BD
|1 + 2ωBD| ,
4
1 + 2ωBD
 (B.20)
the Jacobian of the nonlinear system (B.14), (B.15), (B.16) has eigenvalues λΛ1 = −2, λΛ2 = −3/2,
λΛ3 ≈ −3 so that is a stable point.
The first and second fixed points are unstable, whereas the latter is stable. We have assumed
that |ωBD|  1 for approximating the eigenvalues.
The first one is very well-known, since regardless of the initial conditions for the BD scalar
field we already know that the velocity of the scalar field decays during the RDE, and the solution
tends to the attractor with ψ′ = 0 (xψ = 0) and full domination of radiation, i.e. xr =
√
3. The
Hubble function and BD scalar field are:
ψRD(a) = ψr , (B.21)
H2RD(a) =
8pi
3ψr
ρ0ra
−4 , (B.22)
where ψr is an arbitrary constant and ρ
0
r is the value of the radiation energy density at present.
This fixed point is unstable because at some moment nonrelativistic matter starts to dominate
the expansion. When this happens the solution starts to look for the new attractor, the one of
the MDE. We stress that this is an exact solution. The BD scalar field and the Hubble function
during the MDE take the following form:
ψMD(a) = Ca
1
1+ωBD , (B.23)
H2MD(a) =
16piρ0m(1 + ωBD)
2a
−
(
4+3ωBD
1+ωBD
)
C(12 + 17ωBD + 6ω2BD)
, (B.24)
where C is an arbitrary constant and ρ0m is the value of the matter energy density at present. The
MD fixed point is, again, unstable, because the MDE finishes and the VDE starts. The solution
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searches now for the last fixed point, which is stable. In this last case, we have obtained the
following Hubble function and BD-field,
ψΛ(a) = Da
4/(1+2ωBD) , (B.25)
H2Λ(a) =
8piρΛ
D
(1 + 2ωBD)
2
15 + 28ωBD + 12ω2BD
a−4/(1+2ωBD) , (B.26)
where D is an arbitrary constant and ρΛ is the constant value of vacuum energy.
One can easily check that the solutions computed in Appendix A, of first order in BD = 1/ωBD,
coincide (once the decaying modes become irrelevant) with the ones presented here when the latter
are Taylor-expanded up to first order in this parameter as well. The results we have found here are
consistent with previous studies on fixed points in cosmological dynamical systems, see e.g. [212]
and references therein.
C Cosmological perturbations in the synchronous gauge
In this section we explicitly derive the set of perturbed equations for the Brans-Dicke model in
the synchronous gauge, and up to linear order in the perturbed quantities. The perturbed FLRW
metric written in conformal time η reads
ds2 = a2(η)[−dη2 + (δij + hij)dxidxj ] , (C.1)
where η is the conformal time, x the spatial comoving coordinates, and hij is the metric per-
turbation. We apply in this work the usual metric formalism and therefore we assume that the
Christoffel symbols are unequivocally determined by the metric through the Levi-Civita connec-
tion. Thus, the perturbed Chrystoffel symbols together with the perturbed Riemann and Ricci
tensors, and the perturbed Ricci scalar, can be easily written in terms of hij , its trace h ≡ δijhij ,
and their spacetime derivatives. Although the corresponding expressions can be already found
in the literature, we have opted to provide them together with the perturbed energy-momentum
tensor in Sec. C.1 for completeness. In Secs. C.2 and C.3 we write the main perturbed equations
in position and momentum space, respectively, and in Sec. C.4 we derive and discuss the equation
that rules the growth of matter perturbations in the matter and Λ-dominated universe at deep
subhorizon scales. In Sec. C.5 we provide a brief note on the initial conditions for all the perturbed
quantities. Finally, in Sec. C.6 we discuss tensor perturbations in the BD-ΛCDM cosmology.
C.1 Perturbed geometric quantities, energy-momentum tensor, and other rel-
evant terms appearing in the field equations
The elements of the metric tensor and its inverse can be straightfordwardly obtained from (C.1).
They read as follows,
g00 = −a2 gij = a2(δij + hij) ; g00 = −1/a2 gij = 1
a2
(δij − hij). (C.2)
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Plugging them into the formula of the Levi-Civita connection one gets the following expressions
for the Christoffel symbols:
Γ000 = H , Γ0i0 = Γi00 = 0 , Γ0ij = H(δij + hij) +
h′ij
2
,
Γij0 = Hδij +
h′ij
2
, Γijl =
1
2
(hij,l + hil,j − hjl,i) ,
(C.3)
where each prime denotes a derivative with respect to the conformal time, i.e. d/dη, the lower
commas partial derivatives with respect to spatial (comoving) coordinates, and H ≡ a′/a. The
contributions of all the second and higher order terms in perturbation theory have been neglected
since we are not interested here in analyzing nonlinear structure formation processes, in which also
the details of the screening mechanism acting in the nonlinear regime could become important.
The Ricci tensor components can be computed making use of the above formulas,
R00 =− 3H′ − h
′′
2
− H
2
h′, R0i =
1
2
(
∂jh
′
ij − ∂ih′
)
,
Rij =(δij + hij)(H′ + 2H2) +
h′′ij
2
+
H
2
h′δij +Hh′ij +
1
2
(hli,jl + hlj,il − hij,ll − h,ij) .
(C.4)
Notice that we have applied Einstein’s summation convention. Contracting the Ricci tensor with
the metric we finally obtain the scalar curvature,
a2R = 6(H′ +H2) + h′′ + 3Hh′ + hli,li − h,ll . (C.5)
Equipped with these tools we can proceed to compute the components of the Einstein tensor,
which read
G00 =3H2 +Hh′ + 1
2
(hli,li − h,ll) ,
Gi0 =
1
2
(
∂jh
′
ij − ∂ih′
)
,
Gij =− (δij + hij)(2H′ +H2) +
h′′ij
2
− h
′′
2
δij −Hh′δij +Hh′ij
+
1
2
(hli,jl + hlj,il − hij,ll − h,ij − hlt,ltδij + h,llδij) .
(C.6)
It is also convenient to obtain the trace of Gij , since it will be employed in subsequent calculations,
Gii = −(3 + h)(2H′ +H2)− h′′ − 2Hh′ + 1
2
(h,ll − hli,li) . (C.7)
As in Ref. [147], we can express hij as follows,
hij(η,x) =
ˆ
d3k e−ik·x
[
kˆikˆjh(η,k) +
(
kˆikˆj − δij
3
)
6ξ(η,k)
]
, (C.8)
where kˆi = ki/k with k = |k|, and h(η,k) the Fourier transform of the trace of hij(η,x). When we
work in Fourier space we will denote it h, like in position space, without specifying its dependence
on the wave number k explicitly. Plugging (C.8) into the perturbed part of (C.6) we obtain the
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elements of the perturbed Einstein tensor in Fourier space. We will employ them later on. They
read,
δG00 =Hh′ − 2ξk2 ,
δGi0 =− iki2ξ′ ,
δGii =− h(2H′ +H2)− h′′ − 2Hh′ + 2ξk2 .
(C.9)
We do not write here the Fourier transform of δGij because we will not use it later.
In order to compute the perturbed energy-momentum tensor of the perfect fluids that fill the
universe with Eq. (2.5) we must know which is the form of their perturbed 4-velocities. It is easy
to show that they are just given by
uµ =
1
a
(1, vi) ; uµ = a(−1, vi) , (C.10)
with vi = dx
i
dη . Using this in Eq. (2.5) and splitting the total energy density and pressure in
a background and a perturbed parts, i.e. considering ρ(η,x) = ρ¯(η) + δρ(η,x) and p(η,x) =
p¯(η) + δp(η,x), we obtain the following elements of the perturbed energy-momentum tensor,
T00 = a
2(ρ¯+ δρ) ,
Tij = a
2p¯(δij + hij) + a
2δijδp ,
T0i = − a2(p¯+ ρ¯)vi ,
T ≡ gµνTµν = 3(p¯+ δp)− ρ¯− δρ ,
(C.11)
where a sum over all the species in the universe is taken for granted. The following quantities will
also be useful in subsequent calculations.
∂αϕ∂
αϕ = − 1
a2
[
(ϕ¯′)2 + 2ϕ¯′δϕ′
]
,
a2ϕ = − ϕ¯′′ − 2Hϕ¯′ − δϕ′′ +∇2δϕ− 2Hδϕ′ − h
′
2
ϕ¯′ ,
∇0∇0ϕ = ϕ¯′′ + δϕ′′ −Hϕ¯′ −Hδϕ′ ,
∇i∇0ϕ = ∂iδϕ′ −H∂iδϕ ,
∇i∇j =∂i∂jδϕ− ϕ¯′
[
H(δij + hij) +
h′ij
2
]
− δijHδϕ′ .
(C.12)
Here we have split the BD-field as the sum of the mean (background) field ϕ¯ and its corresponding
perturbation δϕ, i.e. ϕ(η,x) = ϕ¯(η) + δϕ(η,x).
C.2 Perturbation equations in position space
We apply now the machinery derived in the previous subsection to perturb the modified Einstein’s
Eqs. (2.2), the covariant conservation of the energy-momentum tensor and the Klein-Gordon
equation (2.4). The last one reads,
− δϕ′′ − 2Hδϕ′ +∇2δϕ− h
′
2
ϕ¯′ =
8piGN
3 + 2ωBD
a2(3δp− δρ) , (C.13)
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where ∇2 ≡
3∑
i=1
∂2i . The perturbed 00, 0i, and ij components of Einstein’s equation lead, respec-
tively, to
ϕ¯
(
Hh′ + hli,li − h,ll
2
)
+3H2δϕ−∇2δϕ+ 3Hδϕ′ + h
′
2
ϕ¯′
+
ωBD
2ϕ¯
[
δϕ
ϕ¯
(ϕ¯′)2 − 2ϕ¯′δϕ′
]
= 8piGNa
2δρ ,
(C.14)
ϕ¯
(
∂jh
′
ij − ∂ih′
2
)
− ∂iδϕ′ +H∂iδϕ− ωBD
ϕ¯
ϕ¯′∂iδϕ = −8piGNa2(ρ¯+ p¯)vi , (C.15)
δij
[
−δϕ(2H′ +H2)− ϕ¯
(
h′′
2
+Hh′
)
−Hδϕ′ − δϕ′′ +∇2δϕ− h
′
2
ϕ¯′ + ϕ¯
(
h,ll − hlt,lt
2
)
+
ωBD
2ϕ¯
(
δϕ
ϕ¯
(ϕ¯′)2 − 2ϕ¯′δϕ′
)]
+ h′ij
(
Hϕ¯+ ϕ¯
′
2
)
− ∂i∂jδϕ+
h′′ij
2
ϕ¯
− hij
[
ϕ¯′′ + ϕ¯(2H′ +H2) +Hϕ¯′ + ωBD
2ϕ¯
(ϕ¯′)2
]
+
ϕ¯
2
(hli,jl + hlj,il − hij,ll − h,ij) = 8piGNδTij .
(C.16)
Finally, the covariant conservation of the energy-momentum tensor leads to the following pair of
extra equations, i.e. ∇µTµν = 0, for ν = 0 and ν = i, respectively,∑
j
ρ¯(j)
[
δ′(j) + 3H
(
δp(j)
δρ(j)
− w(j)
)
δ(j) + (1 + w(j))
(
θ(j) +
h′
2
)]
= 0 , (C.17)
∑
j
ρ¯(j)(1 + w(j))
[
θ′(j) +
(
H(1− 3w(j)) +
w′(j)
1 + w(j)
)
θ(j) +
∇2δp(j)
(1 + w(j))ρ¯(j)
+
w(j)
1 + w(j)
∂i∂lhil
]
= 0 ,
(C.18)
where θ(j) ≡ ∂ivi(j), δ(j) ≡ δρ(j)/ρ¯(j), w(j) ≡ p¯(j)/ρ¯(j), and the sums run over all the species j that
fill the universe.
C.3 Perturbation equations in momentum space
As it is well-known, working in momentum space simplifies a lot the treatment of the cosmological
perturbations, basically because at linear order in perturbation theory the different modes of the
perturbed quantities do not couple to each other, i.e. there is no mixture of wave numbers and we
can safely omit the subscript k for the modes. Here we limit ourselves to just write the expressions
provided in the previous subsection, but in momentum space. The calculations are straightforward
and no further details are thus needed.
Equation (C.13)
δϕ′′ + 2Hδϕ′ + k2δϕ+ h
′
2
ϕ¯′ =
8piGN
3 + 2ωBD
a2(δρ− 3δp) . (C.19)
Equation (C.14)
ϕ¯(Hh′ − 2ξk2) + (3H2+k2)δϕ+ 3Hδϕ¯′ + h
′
2
ϕ¯′
+
ωBD
2ϕ¯
[
δϕ
ϕ¯
(ϕ¯′)2 − 2ϕ¯′δϕ′
]
= 8piGNa
2δρ .
(C.20)
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Equation (C.15)
− 2ϕ¯k2ξ′ + k2δϕ′ −Hk2δϕ+ ωBDk2δϕ
(
ϕ¯′
ϕ¯
)
= −8piGNa2(ρ¯+ p¯)θ . (C.21)
Trace of equation (C.16), and after making use of the pressure equation (2.7)
−δϕ(6H′ + 3H2 + 2k2)− 3δϕ′′ − 3Hδϕ′ − ϕ¯′h′ + 3ωBDϕ¯
′
2ϕ¯
(
ϕ¯′
ϕ¯
δϕ− 2δϕ′
)
+ ϕ¯
(−h′′ − 2h′H+ 2k2ξ) = 24piGNa2δp . (C.22)
Equation (C.17)∑
j
ρ¯(j)
[
δ′(j) + 3H
(
δp(j)
δρ(j)
− w(j)
)
δ(j) + (1 + w(j))
(
θ(j) +
h′
2
)]
= 0 . (C.23)
Equation (C.18)
∑
j
ρ¯(j)(1+w(j))
[
θ′(j) +
(
H(1− 3w(j)) +
w′(j)
1 + w(j)
)
θ(j) −
k2δ(j)
(1 + w(j))
δp(j)
δρ(j)
− k
2w(j)
1 + w(j)
(h+ 4ξ)
]
= 0 .
(C.24)
Another useful and compact relation can be obtained from the kˆikˆj part of Eq. (C.16) in momentum
space. The result, after using again the pressure equation (2.7), reads
h′′ + 6ξ′′ + (h′ + 6ξ′)
(
2H+ ϕ¯
′
ϕ¯
)
+ 2k2
(
δϕ
ϕ
− ξ
)
= 0 . (C.25)
C.4 Matter density contrast equation at deep subhorizon scales
Let us restrict us now to the matter and Λ-dominated epochs and see what is the evolution of
matter perturbations in the late stages of the universe’s expansion and deeply inside the horizon.
Using the fact that vacuum does not cluster when it is described by a cosmological constant and
matter is covariantly conserved, and also taking into account that radiation has only very mild
impact on the Large-Scale Structure formation processes we want to study, we can obtain the
following relation from (C.24),
θ′m = −Hθm . (C.26)
This leads to a decaying solution for the velocity potential gradient, θm = θ
0
m/a, and in practice
we can take θm ∼ 0. By doing this in (C.23) we find
δ′m = −
h′
2
. (C.27)
At low scales, Eqs. (C.19), (C.20) and (C.25) simplify, after neglecting some terms which are
clearly subdominant at large k’s, giving rise to
k2δϕ+
h′
2
ϕ¯′ =
8piGN
3 + 2ωBD
a2ρ¯mδm , (C.28)
ϕ¯(Hh′ − 2ξk2) + k2δϕ+ h
′
2
ϕ¯′ = 8piGNa2ρ¯mδm , (C.29)
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2k2δϕ+ ϕ¯′h′ + ϕ¯
(
h′′ + 2h′H− 2k2ξ) = 0 . (C.30)
Using (C.27) in (C.28) one can isolate δϕ = δϕ(δm, δ
′
m), and doing the same in (C.29) one gets
ξ = ξ(δm, δ
′
m). Introducing these expressions in (C.30), and after making use again of (C.27), one
finally obtains the equation for the matter density contrast at deep subhorizon scales,
δ′′m +Hδ′m −
4piGNa
2
ϕ¯
ρ¯mδm
(
4 + 2ωBD
3 + 2ωBD
)
= 0 . (C.31)
The expression in terms of the scale factor is given in the main text, Eq. (3.9), where we recall that
primes there mean d/da whereas here d/dη. A quick comparison of the last term of this equation
with the one that is obtained in the GR-ΛCDM allows us to note that the effective value of the
gravitational constant that is controlling the formation of linear structures at subhorizon scales is
Geff(ϕ¯) =
GN
ϕ¯
(
4 + 2ωBD
3 + 2ωBD
)
. (C.32)
More details are provided in the main body of the paper, see Sec. 5.
C.5 Brief note on the initial conditions
We consider adiabatic initial conditions for the various species filling the universe. For the DM
velocity divergence, we use the usual synchronous condition θcdm,ini = 0. We would like to point
out here that the initial perturbation of the BD-field and its time derivative can also be set to zero.
This is because the modes of interest were superhorizon modes during the radiation-dominated
epoch, and in that period of the universe’s expansion Eq. (C.13) reduces to
δϕ′′ +
2
η
δϕ′ + k2δϕ = 0 , (C.33)
where we have used H = η−1. The solution of this equation reads,
δϕ(k, η) =
A(k)
kη
cos(kη + β(k)) , (C.34)
with A(k) and β(k) being an amplitude and a phase, respectively. This solution corresponds to
a damped oscillation, which is decaying fastly and can be naturally set to zero [213]. The initial
conditions are thus equal to the ones in the GR-ΛCDM scenario [147], but substituting GN by
G(ϕ¯ini).
C.6 Gravitational waves in BD-ΛCDM cosmology
Gravitational waves (GWs) are given by the traceless and transverse part of the metric fluctuations,
hTij , which contains two degrees of freedom (corresponding to the two polarization states, usually
denoted as × and +). Hence, they satisfy hT = 0 and ∂ihTij = 0. As scalar, vector and tensor
cosmological perturbations decouple from each other at linear order, we can consider the line
element
ds2 = a2(η)[−dη2 + (δij + hTij)dxidxj ] (C.35)
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and study the ij component of Einstein’s equations. In order to do so we can directly take the
traceless and transverse part of equation (C.16). We obtain,
− hij
[
ϕ¯(2H′ +H2) + ϕ¯′′ +Hϕ¯′ + ωBD
2ϕ¯
(ϕ¯′)2
]
+ h′ij
(
Hϕ¯+ ϕ¯
′
2
)
+
ϕ¯
2
h′′ij +
ϕ¯
2
k2hij = 8piGNa
2p¯ hij .
(C.36)
Notice that we have omitted the superscript T for simplicity, doing hTij → hij . This equation can
be reduced by using the background pressure equation (2.7), yielding
h′′ij + h
′
ij
(
2H+ ϕ¯
′
ϕ¯
)
+ k2hij = 0 . (C.37)
For a general scalar-tensor theory of gravity one has
h′′ij +Hh′ij (2 + αM ) + k2(1 + αT )hij = 0 , (C.38)
where αM and αT are functions that parametrize the deviations from standard GR. The former
modifies the friction term, and is basically the running of the effective Planck mass, whereas the
latter is directly related with the speed of propagation of the GWs, cgw, since αT = c
2
gw − 1. In
BD, αM = d ln(ϕ¯)/d ln(a) (e.g. at leading order in BD, we have αM = BD in the pure MDE
and αM = 2BD in the VDE, cf. Appendix B) and αT = 0, so cgw = 1. This function, αT , has
been recently constrained to be |αT (z ≈ 0)| . 10−15 using the measurement of the gravitational
wave event GW170817 and the accompanying electromagnetic counterpart GRB170817A [191],
located both at a distance of 40+8−14 Mpc from us. BD theory automatically satisfies this constraint
[192,193], since GWs propagate exactly at the speed of light.
D Pertubation theory in Newtonian gauge
So far, we have been working with the synchronous gauge in BD linear perturbation theory. For
completeness we are going to provide the equations in the conformal Newtonian (or longitudinal)
gauge. This appendix has the same structure as the previous one (we only skip the recomputation
of tensor perturbations in this gauge, and the discussion of the initial conditions). In particular,
we will show that the same density contrast differential equation for subhorizon scales that we
found in Sec. C.4 arises also for the Newtonian gauge, as expected. In the last section we provide
the transformation equations of the perturbed quantities from one gauge to another in analogy
to [147].
D.1 Perturbed geometric quantities, energy-momentum tensor, and other rel-
evant terms appearing in the field equations
The square of the line element in the perturbed flat FLRW universe in the Newtonian Gauge reads
as follows,
ds2 = a2[−(1 + 2Φ)dη2 + (1 + 2Ψ)δijdxidxj ] , (D.1)
where the pair Φ and Ψ the so-called Bardeen potentials, which are functions of conformal time
and space. In the following we provide the perturbed expressions (at linear order) for the various
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geometrical quantities that will be used later. As before, the primes denote a derivative with
respect to the conformal time, and H ≡ a′/a. Thus, the metric elements are
g00 = −a2(1 + 2Φ), gij = a2(1 + 2Ψ)δij ; g00 = − 1
a2
(1− 2Φ), gij = 1
a2
(1− 2Ψ)δij .
(D.2)
We can compute the Christoffel symbols associated to the metric in the usual way:
Γ000 = H+ Φ′, Γ00i = Γi00 = ∂iΦ, Γ0ij = δij [H(1 + 2Ψ− 2Φ) + Ψ′], (D.3)
Γij0 = δ
i
j(H+ Ψ′), Γijl = δij∂lΨ + δil∂jΨ− δjl∂iΨ.
The components of the Ricci tensor are
R00 = −3H′ +∇2Φ− 3Ψ′′ + 3H(Φ′ −Ψ′), R0i = −2∂iΨ′ + 2H∂iΦ, (D.4)
Rij = −∂i∂j(Ψ + Φ) + δij
[
(2H2 +H′)(1 + 2Ψ− 2Φ)−∇2Ψ + Ψ′′ + 5HΨ′ −HΦ′] .
Contracting the indices of the previous tensor we are able to compute the Ricci scalar
Ra2 = 6(H2 +H′)(1− 2Φ)− 2∇2(Φ + 2Ψ) + 6Ψ′′ − 6HΦ′ + 18HΨ′. (D.5)
The components of the Einstein tensor entering Einstein’s equations are
G00 = 3H2 + 6HΨ′ − 2∇2Ψ, (D.6)
Gij = −∂i∂j(Ψ + Φ) + δij
[−(H2 + 2H′)(1 + 2Ψ− 2Φ) + 2H(Φ′ − 2Ψ′) +∇2(Ψ + Φ)− 2Ψ′′] ,
G0i = −2∂iΨ′ + 2H∂iΦ.
As we have done for the synchronous gauge, we consider the energy-momentum tensor of a perfect
fluid, Eq. (2.5), and split the energy densities and pressures as before. The perturbed 4-velocity
uµ and its covariant form uµ read now, respectively,
uµ =
1
a
(1− Φ, vi) uµ = a(−[1 + Φ], vi) , (D.7)
where v is the physical 3-velocity of the fluid, whose modulus is much lower than 1, so we can treat
it as a linear perturbation. Taking all this into account one can compute the perturbed elements
of Tµν and its trace:
T00 = a
2[(1 + 2Φ)ρ¯+ δρ] ,
Tij = a
2δij [p¯(1 + 2Ψ) + δp] , (D.8)
T0i = −a2vi(ρ¯+ p¯) ,
T = 3(p¯+ δp)− ρ¯− δρ .
Now, we provide the formulas of some other perturbed expressions depending on ϕ that will be
also useful in subsequent computations:
a2ϕ = −ϕ¯′′ − 2Hϕ¯′ − δϕ′′ + 2ϕ¯′′Φ +∇2δϕ− 2Hδϕ′ + ϕ¯′(Φ′ − 3Ψ′) + 4HΦϕ¯′, (D.9)
∂αϕ∂
αϕ = −(ϕ¯
′)2
a2
(1− 2Φ)− 2
a2
ϕ¯′δϕ′, (D.10)
∇0∇0ϕ = ϕ¯′′ + δϕ′′ − ϕ¯′(H+ Φ′)−Hδϕ′, (D.11)
∇i∇jϕ = ∂i∂jδϕ− ϕ¯′δij [H(1 + 2Ψ− 2Φ) + Ψ′]−Hδϕ′δij , (D.12)
∇i∇0ϕ = ∂i(δϕ′ − ϕ¯′Φ−Hδϕ). (D.13)
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D.2 Perturbation equations in position space
The perturbed Einstein equations read as follows,
For µ = i, ν = j, i 6= j:
Ψ + Φ = −δϕ
ϕ¯
. (D.14)
As we can see, the presence of the perturbation of the BD-field, δϕ 6= 0 induces anisotropic stress
since it violates the usual Φ = −Ψ setting of GR-ΛCDM, which holds good only in the absence of
anisotropic stress (induced e.g. by massive neutrinos).
For i = j:
(Φ′ − 2Ψ′)(2Hϕ¯+ ϕ¯′) + (Φ−Ψ)
[
2ϕ¯(H2 + 2H′) + 2ϕ¯′′ + 2Hϕ¯′ + ωBD
ϕ¯
(ϕ¯′)2
]
− 2Ψ′′ϕ¯− δϕ′′ −Hδϕ′ − δϕ(H2 + 2H′) + ωBD
2ϕ¯
[
δϕ
ϕ¯
(ϕ¯′)2 − 2ϕ¯′δϕ′
]
= 8piGNa
2(2p¯Ψ + δp) .
(D.15)
For µ = 0, ν = 0:
ϕ¯(6HΨ′ − 2∇2Ψ) + 3H2δϕ−∇2δϕ+ 3Hδϕ′ + 3Ψ′ϕ¯′
+
ωBD
2ϕ¯
[
δϕ
ϕ¯
(ϕ¯′)2 − 2ϕ¯′δϕ′
]
= 8piGNa
2(2Φρ¯+ δρ) .
(D.16)
The perturbed covariant conservation equations leads to:∑
j
ρ¯(j)
[
δ′(j) + δ(j)
ρ′(j)
ρ(j)
+ 3Hδ(j)
(
1 +
δp(j)
δρ(j)
)
+ (1 + w(j))(θ(j) + 3Ψ
′)
]
= 0 , (D.17)
∑
j
[
4Hθ(j)ρ¯(j)(1 + w(j)) +
d
dη
(θ(j)ρ¯(j)(1 + w(j))) + ρ¯(j)(1 + w(j))∇2Φ +∇2δp(j)
]
= 0, (D.18)
where again, as in Appendix C, θ(j) ≡ ∂ivi(j), δ(j) ≡ δρ(j)/ρ¯(j), w(j) ≡ p¯(j)/ρ¯(j), and the sums run
over all the species j that fill the universe.
On the other hand, the perturbed part of the Klein-Gordon equation can be written as
− δϕ′′ + 2ϕ¯′′Φ +∇2δϕ− 2Hδϕ′ + ϕ¯′(Φ′ − 3Ψ′) + 4HΦϕ¯′ = 8piGN
3 + 2ωBD
a2(3δp− δρ). (D.19)
D.3 Perturbation equations in momentum space
From now on we will work in momentum space. Let us show first the Einstein equations. For
µ = i, ν = j, i 6= j:
Ψ + Φ = −δϕ
ϕ¯
. (D.20)
For i = j:
(Φ′ − 2Ψ′)(2Hϕ¯+ ϕ¯′) + (Φ−Ψ)
[
2ϕ¯(H2 + 2H′) + 2ϕ¯′′ + 2Hϕ¯′ + ωBD
ϕ¯
(ϕ¯′)2
]
− 2Ψ′′ϕ¯− δϕ′′ −Hδϕ′ − δϕ(H2 + 2H′) + ωBD
2ϕ¯
[
δϕ
ϕ¯
(ϕ¯′)2 − 2ϕ¯′δϕ′
]
= 8piGNa
2(2p¯Ψ + δp) .
(D.21)
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Finally for µ = 0, ν = 0:
ϕ¯(6HΨ′ + 2k2Ψ) + 3H2δϕ+k2δϕ+ 3Hδϕ′ + 3Ψ′ϕ¯′
+
ωBD
2ϕ¯
[
δϕ
ϕ¯
(ϕ¯′)2 − 2ϕ¯′δϕ′
]
= 8piGNa
2(2Φρ¯+ δρ) .
(D.22)
Notice that the previous equation yields the usual perturbed Poisson equation for δϕ = 0 – which
implies Φ = −Ψ, according to (D.20). Doing also ϕ¯ = 1, at deep subhorizon scales it boils down
to the expected simpler form k2Ψ = −k2Φ = −4piGNa2δρ, since k2  a2GNρ ∼ a2H2 = H2.
The perturbation of the covariant conservation equation, with ν = 0, gives∑
j
ρ¯(j)
[
δ′(j) + 3Hδ(j)
(
δp(j)
δρ(j)
− w(j)
)
+ (1 + w(j))(θ(j) + 3Ψ
′)
]
= 0. (D.23)
And for ν = i, we obtain:∑
j
[
4Hθ(j)ρ¯(j)(1 + w(j)) +
d
dη
(θ(j)ρ¯(j)(1 + w(j)))− ρ¯(j)(1 + w(j))k2Φ− k2δp(j)
]
= 0. (D.24)
So far, these conservation equations take the same form as in the GR-ΛCDM. On the other hand,
the perturbed Klein-Gordon equation reads
− δϕ′′ + 2ϕ¯′′Φ− k2δϕ− 2Hδϕ′ + ϕ¯′(Φ′ − 3Ψ′) + 4HΦϕ¯′ = 8piGN
3 + 2ωBD
a2(3δp− δρ). (D.25)
D.4 Matter density contrast equation at deep subhorizon scales
As done in Appendix C for the synchronous gauge, we study now the evolution of matter pertur-
bations at deep subhorizon scales, i.e. at those scales at which k2  H2 (deep subhorizon scales).
In this limit, Eq. (D.23) boils down to
δ′m + θm + 3Ψ
′ = 0 , (D.26)
and (D.24) can be written as
θ′m +Hθm − k2Φ = 0. (D.27)
These equations can be easily combined to make disappear the dependence on θm. If we do that, we
obtain the following approximate second order differential equation for the matter density contrast,
δ′′m +Hδ′m + k2Φ = 0. (D.28)
The problem is now reduced to find an expression for k2Φ in terms of background quantities and
δm. Collecting (D.20), (D.22) and (D.25),
− δϕ
ϕ¯
= Ψ + Φ, (D.29)
2k2Ψ + k2
δϕ
ϕ¯
=
8piGNa
2
ϕ¯
ρ¯mδm, (D.30)
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k2δϕ =
8piGNa
2
3 + 2ωBD
ρ¯mδm, (D.31)
respectively. We can see, as expected, that for ωBD → ∞ and ϕ¯ = 1 the first equation above
gives Φ = −Ψ (no anisotropy stress) and the third one renders a trivial equality (0 = 0), whereas
the second equation yields Poisson equation k2Ψ = −k2Φ = 4piGNa2δρ. In the general case, by
combining the above equations one finds:
k2Φ = −4piGNa
2ρ¯mδm
ϕ¯
(
4 + 2ωBD
3 + 2ωBD
)
. (D.32)
So, finally, inserting the previous relation in (D.28) we are led to the desired equation for the
density contrast at deep subhorizon scales:
δ′′m +Hδ′m −
4piGN
ϕ¯
a2ρ¯mδm
(
4 + 2ωBD
3 + 2ωBD
)
= 0 , (D.33)
or, alternatively, in terms of the cosmic time t,
δ¨m + 2Hδ˙m − 4piGN
ϕ¯
ρ¯mδm
(
4 + 2ωBD
3 + 2ωBD
)
= 0 , (D.34)
with the dots denoting derivatives with respect to t. As expected, these equations coincide with
the density contrast equation at deep subhorizon scales for the synchronous gauge and we can
recover the standard ΛCDM result for ωBD →∞ and ϕ¯→ 1.
As already mentioned above, because of (D.29) non-null scalar field perturbations induce a
deviation of the anisotropic stress, −Ψ/Φ, from 1, i.e. the GR-ΛCDM value. At scales well below
the horizon,
− Ψ
Φ
=
1 + ωBD
2 + ωBD
= 1− BD +O(2BD) , (D.35)
so constraints on the anisotropic stress directly translate into constraints on BD, and a deviation
of this quantity from 1 at the linear regime would be a clear signature of non-standard gravitational
physics. A model-independent reconstruction of the anisotropic stress from observations has been
recently done in [214]. Unfortunately, the error bars are still of order O(1), so these model-
independent results cannot put tight constraints on BD (yet).
D.5 Transformations between Gauges
It is possible to establish a set of equations relating the different perturbation quantities in both
gauges at the same coordinates in momentum space. For the potentials, we have the well known
relations of [147],
Φ(k, η) =
1
2k2
{
h′′(k, η) + 6ξ′′(k, η) +H [h′(k, η) + 6ξ′(k, η)]} , (D.36)
Ψ(k, η) = −ξ(k, η) + 1
2k3
H [h′(k, η) + 6ξ′(k, η)] , (D.37)
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and for the other perturbed quantities we find,
δS = δN − αρ¯
′
ρ¯
,
θS = θN − αk2 ,
δpS = δpN − αp¯′ ,
δϕS = δϕN − αϕ¯′ .
(D.38)
Here, the subscripts N and S mean newtonian and synchronous, respectively, and
α ≡ 1
2k2
[
h′ + 6ξ′
]
. (D.39)
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